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Abstract 

Generalizing work of W. Miiller we investigate the spectral theory for the Dirac 
operator D on a noncompact manifold X with generalized fibred cusps 

C{M) = M X oo[„ g= dr^ + 4>* gy + (T'^'^gz. 

at infinity. Here (/> : M^"^" is a compact fibre bundle with fibre Z and a 

distinguished horizontal space HM. The metric gz is a metric in the fibres and 
gy is a metric on the base of the fibration. We also assume that the kernel of the 
vertical Dirac operator at infinity forms a vector bundle over Y . 

Using the "i?!>-calculus" developed by R. Mazzeo and R. Melrose we explicitly 
construct the meromorphic continuation of the resolvent G{X) of D for small spectral 
parameter as a special "conormal distribution" . From this we deduce a description 
of the generalized eigensections and of the spectral measure of D. 

Complementing this, we perform an explicit construction of the heat kernel 
[exp(— tD^)] for finite and small times corresponding to large spectral param- 
eter A. Using a generalization of Getzler's technique, due to R. Melrose, we can 
describe the singular terms in the heat kernel expansion for small times in the in- 
terior of the manifold as well as at spatial infinity. This then allows us to prove an 
index formula for D, 

'""-(°'= (dp^X-^''^' Ch(F-/») + ^^-^/ .4(fl' W(D'') + i,(D,-). 

which calculates the extended L^-index of D, in terms of the usual local expression, 
the family eta invariant for the family of vertical Dirac operators at infinity and the 
eta invariant for the horizontal "Dirac" operator at infinity. 



*AMS Class.: 58G25, 58Gxx. This is the author's doctoral thesis submitted at the University of 
Bonn. Written with support from the DFG through funds from the SFB 256 and a fellowship from the 
"GraduicrtcnkoUeg fur Mathematik der Universitat Bonn" . Financial support was also obtained from the 
DAAD through a "HSP III" -scholarship. 
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Introduction 

In his book pvTu^ W. Miiller, using methods from harmonic analysis, described the spec- 



tral decomposition and index theory of the Dirac operator over a locally symmetric space 

r\G/K 

of rank one. This is a manifold equipped with a natural riemannian metric. Near infinity 
it has the structure of a "fibred cusp" 

C(M) = M X [A,oo[r, 

where (p : M Y is a compact fibre bundle with fibre Z and a distinguished horizontal 
space HM. The metric on the cusp is given by 

g= dr' + <P*gY + e-'^'-gz. (1) 

with gz a metric in the fibres and gy a metric on the base of the fibration. 

In this work we investigate the spectral theory of the Dirac operator, denoted by 
D"^ below, over a general complete manifold X, noncompact only in generalized cusps 
as above. We use the methods developed in |[MeO|| , ||Me3|] and ||MaMe3|| . Following their 



philosophy we compactify X to a manifold with fibred boundary dX = M by introducing 
X = e~'^^ as a defining function for the boundary. The metric on X will then be denoted 
by ga- This is a degenerate (and singular) metric near the boundary, where it has the form 

f dx\^ ,* 2 
fi'd = I — 1 + <p gy + X gz: 

(here we have dropped the factors and c~^). However, this metric is a true metric on 
the fibres of a vector bundle '^TX whose space of sections '^V(X) can be identified with 
the space of sections of X into TX, possibly singular at (9X, but of finite (^d-length. 

In terms of local fibre coordinates y, z in M and a product decomposition of X near 
(9X, vector fields in '^V(X) are locally spanned over C°°(X) by 

X— —) 1 d ^ 

dx ' dy dy^ ' ' dy^ ' x 9z x dz^ ' ' x dz'" 

It is easily seen from this representation that '*V(X) is not a Lie algebra, such that there 
is no good notion of d-differential operators etc.. This prompts the introduction of the 
nondegenerate conformal metric 

1 / dxV 1 
9d = {^] + ^(I)*9y + gz. (2) 



x-^ \ X'^ I x-^ 



The associated space of vector fields of finite g^-length., 



^V{X) := X ■ '^V(X) C r(X, TX), 
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consists of true vector fields on X and can be seen to be tfie space of sections of the vector 
bundle 

'f'TX = X '^TX. 

It is easy to verify that it forms a Lie algebra and we can define the notions of 0-differential 
and (/)-pseudodifferential operators. The analysis of these operators has been begun in 
MaMe3|| , using the general framework set out in |[MeO|] . 

Now the spinor Dirac operator D'^, associated to the metric ga, is a selfadjoint operator 



on L'^{X, E, dvold)- In Appendix A. 2 it is shown that 



D'^ = c,oV^"^=-D^ + \^c,(4), (3) 

CC ^ Ob 

where D"^ e Diff E) is the spinor Dirac operator associated to g^. It follows from this 
- and is actually true for any Dirac operator D*^ on a Clifford bundle associated with a 
metric gd as above - that xD'^ is an elliptic ^-differential operator. This will allow us to 
apply the analysis developed for 0-operators in the first part of the text to the spectral 
analysis of D'^. 

Before describing the results obtained in this work, let us investigate the structure of the 
problem somewhat further. First, the restriction of the operator xD'^ to the boundary in 
the usual sense of differential operators is an elliptic vertical family of first order differential 
operators D*^'^. It is easy to see that D'^ has compact resolvent, and therefore pure point 
spectrum, if this family is invertible. The other extreme case, where one allows arbitrary 
behavior of the null spaces of D*^'^, turns out to be too difficult in general. In this work we 
make the additional assumption, fulfilled for instance in the case of the signature operator, 
that the null spaces of D"^'^ form a vector bundle 



1C~^Y, r(r,/C) = null(D' 



over the base Y of the boundary fibration. We will denote the projection onto this null 
space by Ho and write B = Y ^ R+.x, which can be thought of as the cylindrical base of 
the model cusp (compactified at "infinity" x = ). Then we can introduce the operator 

fi T c) 

/5(D'^) = "noD'^nob^,.^^" = Dy + Cd{—)x— ■ C^{B,IC) ^ C^{B,IC). (4) 

X ox 



This is described more precisely in Section p.5| . It turns out that - just as in the 6-case, or 
the case of asymptotically cylindrical ends - the continuous spectrum of D'^ is governed 
by this operator, with bands of continuous spectrum starting at the eigenvalues of Dy 
and going out to infinity. Especially, the operator D'^ is Fredholm, if and only if Dy is 
invertible. 

This result will be obtained as a corollary of the construction of the analytic continu- 
ation of the resolvent 

G'd.(A) = (D^-A)-i 



of D'^ described in Chapter 3. Using the concepts developed in | |VlalVle3[| , |[lVleU[| , | |Vle3 



etc., we explicitly construct the resolvent as an integral kernel on the space Xj. This 
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is a compactification of the interior of X^, which is adapted to the specific asymptotics 
of the problem at infinity. The main resuh, summarizing this procedure and stated as 
Theorem p.25| , gives a detailed account of the asymptotics of the resolvent. It is then 
possible to use the methods known from the 6-calculus to derive the usual apphcations of 
this construction, such as a description of the spectral measure, 

dE^d{r) = lim - — AGoair + ie) — God{r — ie)] dr, 

e^O 2711 



of D in terms of its generalized eigenfunctions. This is done in Section p78 . 

The general framework for the constructions in Chapter 3 will be recalled in Chapter 2. 
Here the space X'^ is described as a blow up of and the notion of 0-pseudodifferential 
operators is introduced as a special class of distributions on X^. Building on the work in 
|MaMe3|| , we then analyze the mapping- and composition properties of such operators. 



Chapter 1 contains an introduction to the geometry of manifolds with fibred boundaries 
endowed with a metric of type (0) as described above. Here we also introduce the concept 
of coding the asymptotic behavior of sections of a vector bundle into the structure of a 
new vector bundle. An instance of this has already been presented in the definition of 
the bundles "'TX, '^TX, and the general concept will be used repeatedly throughout the 
text. The more detailed results about the behavior near the boundary of the connections 
and curvatures associated to (7^ and ga, obtained in the later parts of this Chapter, will 
however not be used seriously until Chapter 5. 

The second important topic in this work is the proof of an index theorem for D'^. As 
a corollary to the description of the spectral measure, we can describe the large time 
behavior of the heat operator 

exp(-tD2) = / e"*"' dEo^r) (5) 

and prove that the extended L^-index of D°' (is finite dimensional and) can be calculated 
as the large time limit of the regularized heat supertrace: 

ind_(D^) = lim reg,=o StT{x'[exp{-T{D'^)^)]). 

T — ^00 

This will allow us to derive a formula for the index using a variant of the McKean- Singer 
argument, i.e. by calculating the small time limit of the regularized heat supertrace and 
the difference between its large- and small-time limits. However, as can be seen from (^, 
the heat operator at small times involves the resolvent at large spectral parameter. Our 
construction in Chapter 3 does not give us sufficient control of the resolvent in that area. 

Thus, in Chapter 4, we present a direct construction of the heat kernel for finite and 
small times. Again, this is done by introducing an appropriate compactification of the 
kernel space and a corresponding "heat calculus", within which the heat kernel can be 
constructed. Theorem [4.11| gives a certain amount of control of the asymptotics of the 
heat kernel at small times and near the boundary. 

Chapter 5 is then devoted to a refinement of that result, providing more information 
about the Clifford degree of the coefficients in the asymptotic expansion. In the philosophy 
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of Patodi, Getzler, etc. this will allow us to eliminate the divergent terms in the small 
time expansion(s) of the local heat supertrace. This then turns out to be sufficient to 
prove the index theorem. Denoting by //(Dy) the classical eta-invariant associated to the 
operator Dy and by rj{D'f''^ , E) the family eta invariant associated to the vertical family 
^ggg Appendix |A.5| ) we prove the following formula for the extended L^-index of D 
in Theorem |5.29| : 

md_(D) = Ch(F-/^'^) + j^-^ j^A{R-)ri{D^y,E) + l,(Dy). 



This formula generalizes the corresponding formula obtained by W. Miiller in [LVlu2|. It 



reduces to the usual APS (or b-) index formula in the case that there is no fibre, i.e. 
Z = {pt}. 

In Section p.4| we specialize our results to the case of the signature operator S'^ = 
dd + d^- It is a well known fact in the 6-case that the extended L^-index of this operator 
equals the L^-signature. This is shown to be also true in our case. We compare our formulas 
with the adiabatic limit formula for the eta invariant in PiChl|] and [Pal|| . More serious 
applications are however left for future examination. Finally some auxiliary results and 
background material have been collected in the Appendix. 

It is our declared purpose in this work, to give a thorough introduction to a set of 
methods for the spectral analysis of geometric operators associated to d-methcs. Espe- 
cially, our proof of the index theorem is far from being "minimal" . Remark |5.35| at the 
end of the text sketches several shortcuts for the proof. 

Some remarks about notation: For simplicity we will assume throughout that M is 
connected, i.e. there is only one cusp. However all the results presented here generalize 
directly to the case of several cusps. Whenever there is a grading we use graded calculation 
rules. Thus commutators [A, B] and tensor products B of graded objects are always 
graded. Notations like str or sdim are understood. 
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1 The Geometry of 0- Manifolds 

In this Chapter, we introduce the main geometrical notions associated to manifolds with a 
fibred boundary. The concepts and notation introduced in the first Section, as well as the 
notion of an exact ^-metric introduced at the beginning of Section |1.2| , are fundamental to 
all the further parts of this work. On the other hand, most of the more detailed calculations 



in Sections 1.2 to 1.4 will only be used in later Chapters. They can be skipped at first 



reading and be referred back to as needed. 
1.1 0-Manifolds 

Let X be a compact manifold of dimension n with connected and fibred boundary dX = 
M, 

(j):dX^Y. 

Denote by v the dimension of the fibre Z and by h the dimension of the base Y of this 
fibration. We call X a (p-manifold. Fix a defining function x for the boundary dX. 
Given these data we can define the Lie algebra of 0-vector fields on X by 

^V(X) := {V G T{TX) I V\9x tangent to Z and Vx = 0{x^)}. 

The space '^V(X) can be regarded as the space of sections of a vector bundle over X: 

'^V(X) = rc^TX), 

where we call 'f'TX the 0-tangent bundle to X. The dual bundle, '^T*X, and all other 
associated tensor bundles will be distinguished by the symbol Being isomorphic over 
the interior of X, the bundles 'f'TX and TX are abstractly isomorphic over all of X. 
However, there is no natural isomorphism between them, and it will be shown that ^TX 
carries some extra structure that TX does not have. 

It will be convenient to recall that the fact that r(''^TX) is a Lie algebra is equivalent 
to the fact that exterior derivation maps 

d : rC^T^X) ^ T{A^^T*X). 

Now, the inclusion <^V(X) ^ T{TX) gives a natural map <^TX TX, which is not an 
isomorphism over the boundary, since its image consists of the vectors tangent to the 
fibres at the boundary. Restricted to the boundary we get a short exact sequence 

-> ^NdX '''TXldx VOX 0, (6) 

where VdX is the "vertical" bundle of vectors tangent to the fibres in the boundary. Also, 
this sequence is used to define the vector bundle '^NdX over dX. The dual sequence 

^ V*dX '^T*X|ax ^ '^X*9X ^ 0, (7) 



then defines the vector bundle V*dX over dX. 



6 
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The existence of these subbundles over the boundary allows us to make sense of the 
vector bundles [I'NdX] and over X (!) by defining their spaces of sections as 

T{X,fNdX]) := {Vrer(X/TX)| W\gx,^TX ^'''NdX} (8) 
TiX,[^V*dX]) := {eGr(X/r*X)| elax/TX e r*9X}. (9) 

Here the notation is intended to emphasize that restriction to the boundary is understood 
in the sense of elements in '^TX or '^T*X. Thus, the definition of these bundles really de- 
pend on the pairs {'t'NdX, "^TX) and {V*dX, '^T*X). We will include this into the notation 
more explicitly, whenever there is a possible ambiguity. Now the obvious inclusions of the 
spaces of sections give natural maps 

[^NdX] — > 't'TX, ['t'V*dX] — > '*'T*X, 

which, combined with restriction to the boundary in that sense, give 

[^NdX] '"'^'^ "^NdX, [^V*dX] V*dX. 

Note that the bundle ^NdX] is well known as the "scattering bundle" over X (compare 
Me2|| , ple4[ ) . Recalling that the "6-bundle" ^TX is defined as the vector bundle whose 



space of sections consists of sections of TX, which are tangent to the boundary ( [[Me3|] ) , 
we have 

[^NdX] = '""TX = x^TX. 

However, in our framework, sections in [^NdX] should rather be thought of as sections in 
■^TX which are "asymptotically horizontal". In contrast to that, at this stage, we cannot 
make invariant sense of the notion of "asymptotically vertical" sections in "^TX! 

Local Description 

Let us emphasize that - once the boundary defining function x has been fixed - the 
constructions above are completely natural. It will be useful however, to have coordinate 
representations. So assume that we have chosen a collar neighborhood C{dX) = dX x 
[0,e[x of the boundary and a local trivialization of 0, so that locally near the boundary 
X looks like 

t/x = f/y X Z X [0,e[^ Uy 
Then we may choose coordinates 

• X : a boundary defining function of F x {0} in F x [0, e[, lifted via (p to Ux, 

• y = (yi, . . . , Uh) : local coordinates on Uy C Y, lifted to Ux via (p, 

• z = (zi, . . . , Zv): local coordinates on Z extended to Ux- 
In these coordinates sections in '^TX are locally spanned by 

2d d d d d d d 



1.1 (j)-Manifolds 
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and the fact that '^V{X) is indeed a Lie algebra can be read off from this representation. 
Also elements of r{['f'NdX]) are locally spanned by 

0(9 d . d d . d . d d ^ 

ly /y ( rf rp 1 rf ( /y> rf 



dx ' dy dy^ ' ' dy^ ' dz dz^ ' ' dz"" 
and sections of ["^l^SX] locally look like 

3^ 2 9 , 2 9 9 d d 

rf* If I If If 



dx ' dy dy^ ' ' 9?/'* ' dz dz^ ' ' dz"" 

A change of product structure and/or coordinates compatible with x can be regarded 
as a family \E' = (\E'j; : dX — »• 5X)2.g[o,i] of diffeomorphisms on dX such that \E'o is a fibre 
bundle diffeomorphism of : 9X — »• F fixing the base. Then 

**^ = ^ + 0(x°)(dy, dz), and ^*#7 = 0(a;°)(^, 

a; x dz^ dz dy 

which exemplifies the fact that we cannot identify "vertical" vectors within ^TX, for now! 

Thus, as an additional piece of structure, choose a splitting of the Lie algebra sequence 
(|, 0), i.e. a decomposition 

'^TXIqx = ^NdX © VdX, '^T*X\9x = ^N*dX © V*dX. (10) 

For instance, such a decomposition in the sense of Lie algebras could be obtained by 
choosing a product structure near the boundary as above. 

The structure (0) will be fixed once and for all, the corresponding projections will be 
denoted by v and n. Among other things, this allows us to introduce the maps 



: '^TX\9x ''T5|y, (p* : '""TW ^T*X 



ax, 



over the boundary, with B = Y x [0, oo[x. Also, we can now define the bundles ['I'VdX], 
the space of "asymptotically vertical" vectors in '^TX, and ['^N*dX] in analogy with our 
definition in (||, |^). 

Remark 1.1 The reader should be aware of the following pitfalls. First 

[^NdX]* = '''T*X = ^fV*dX], thus in general [f'NdX]* ^ [^N*dX]\\ 

Also, readers should convince themselves that in general 

[f'NdX] © ['^NdX] ^ [^NdX © '''NdX]^TX(^^Tx^.\ 

The first bundle really encodes some second order behavior at the boundary of sections 
in 'f'TX © '^TX, while the second bundle clearly only carries first order information. 

The following Lemma restates the fact that we have chosen a decomposition compatible 
with the Lie algebra structure of 'f'TX: 
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Lemma 1.2 (a) [r{['^VdX]),r{['^VdX])] C r{['f'VdX]) 

(b) [T{['f'NdX]),T{[mdX])] C 0{x)T{['^NdX]) 

(c) [T{[^NdX]),T{^TX)] cTil't'NdX]). m 

Hoping that the reader has by now got used to the above way of coding the boundary (or 
asymptotic) behavior of sections into some bundle structure, we proceed with introducing 
one further modification which is going to be used in the next Section: 

The vector bundle ^TX over X is defined (compare [[Ma|| ) as the bundle whose space 
of sections is 

TC'TX) = {W eT{TX)\ W\dxeVdX}. 

Again, this is a Lie algebra (thus exterior derivation is well defined on A^T*X ) and we 
have a map '^TX '^TX. Thus, the sequence analogous to (H) is 

^ ""NdX "TX|ax VOX 0, 

and it has a splitting map VdX '^TX induced by our splitting ([10|) . In the above set 
of local coordinates, the bundle ^TX is spanned by 

d d . d d , d . d d , 

dx ' dy dy^ ' ' dy^ ' dz dz^ ' ' dz"" 

We leave it to the reader to define the bundles [^NdX], [^1/*(9X], [''N*dX], and [''VdX] 
over X and to write down their local descriptions. 

1.2 Exact 0-Metrics 

A 0-metric is a fibre metric g G r(S'^'^T*X) on '^TX. We call it a compatible ^-metric 
when the decomposition at the boundary ^TX\gx = "^NdX (BVdX is orthogonal. Another 
way to state this property is to demand that g has a decomposition 

g E T{S^['''N*dX]) + T{S^['''V*dX]). 

An exact (p-metric g^ on ^TX is a compatible 0-metric with a more refined decompo- 
sition of the form 

d x^ 

9<j> = + h + gz, with (11) 

h e T{S'[''N*dX])cT{S'['^N*dX]), h\9x,^Tx = \^*gB, gBeT{S^T*B\Y) 

X'^ 

gz e T{S^T*X) c T{S^fV*dX]), 

where the notation h\gx,'=TX means that we regard h as an element in S'^ erp*-^ ^^^q map 
[^N*dX] — > '^T*X when restricting to the boundary. We sometimes write h = [-^(f)*gB] 
to symbolize this construction. We also make use of the notation gB,b = + 93 for the 
underlying 6-metric on B. Note that the decomposition pi[ ) is by no means unique. For 
instance, only the S'^V"*9X-part of the restriction gzlax makes invariant sense! 



1.2 Exact (j)-Methcs 
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Product Metrics 

The standard example of an exact ^-metric is a metric of type (^) as described in the 
Introduction. There we assumed that there is a fixed choice of product structure, 

C{M) = Mx [0,e[,^Yx [0,e[^, 

in a collar neighborhood of the boundary dX and a choice of horizontal space HM. 
Especially, the fibration (p and the horizontal space of the boundary are extended to 
C{M). Then a metric gy on Y can be lifted to a metric (p*gY on HM over C{M). A 
metric, which over C{M) is of the form 

dx\ ^ 1 

— +—^*9y + 9z, (12) 

where gz is a metric in the fibres, will then be called a product (p-metric on X. It is easily 
seen that a local basis 

Vi,... ,V^,eVM and H^-.-HheHM, 
which is orthonormal w.r.t. (j)*gY + gz, extends to a local basis 

ox 

near dX^ which is orthonormal w.r.t. gcf, and V'^-parallel along Using this, the con- 
nection and curvature of such a product metric can be calculated rather explicitly along 
the lines described in Appendix [A.3| . 

The notion of an exact 0-metric is the natural generalization of metrics of this type 
to the "0-setting". In fact, an exact 0-metric can be thought of as being asymptotically 
of the form ([T2|). In this general setting, the techniques described above are not available 
to us and the geometry at the boundary is somewhat more intricate. However, we will 
sometimes refer to the product case to simplify our formulas. 

The following Lemma lists the essential properties of (the inverse of) an exact 0-metric 
at the boundary: 

Lemma 1.3 (Inverse of an Exact 0-Metric at dX) 

Let ai e V{T*X), G T{T*B\y) and choose extensions [^0*^] G T{[''N*dX]) 

(a) g^\^,^) = l + <P*Oix') 

(b) g^\^,[^J*/3,])=<P*0ix) 



(c) gi\%a) = Oix') 



(d) ^7^-^([i0*/3i], [i0*/32]) = g-sl{f3u(3,) = <P*0{x' 



e 



g^'i[^<l>*P,],a)=Oix) 
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(f) g^\a,,a2)^0{x') 

Here the notation (j)*0{x^) means that the term is 0{x^) hut the coefficient of is of the 
form (f)*f. m 

We will use this result to analyze the boundary behavior of the Levi-Civita connection 
for an exact 0-metric. First, we need to introduce some more notation. Denote by X<^ the 
vector field g^\^) e T{x^TX). 

Lemma 1.4 The map A ^ A := A - ^{A)X^ maps TX ^TX (and xTX '"TX) 
and has the following properties for A,B& TX: 

(a) dx{A)^0{x^) 

(b) A = A + 0{x'')X^ 

(c) g^i^,^) ^ (l)*gB(A,B)\Qx + 0(x). 

(d) ■^4>*gB{'X(j^,A) = dx{A)0{x^), where 0{x^) is independent of A. m 
The central geometric result in our setting is now stated in 

Proposition 1.5 (Connection and Curvature of an Exact </>- Metric at dX) 

The Levi-Civita connection for an exact (f)-metric is a true connection, i.e. 

y0 : T{^TX) — > T{T*X ® '^TX), and e T{K^T*X, EndC^TX)). 
Also, for T,Ti,T2 E r(''TX), N e r{TX), B e T{'^TX), uj e V{^''T*B\y), L e T{^TB): 

(a) Vi^{B)\ex^-^ct>*gB(^,B)\eB 

(b) VtrX<^|ax,'*TX = -xN 

(c) : T{[^NdX]) V{[^NdX]), and : V{[^VdX]) T{[^VdX]) 

(d) V^lax = V o o V + (/)*Vr''' o n on T{^TX\9x) 

(e) i?<^(Ti,T2)|ax=voi?^(Ti,T2)ov©0*i?^'-(Ti,T2) m End(<^TX|ax). 
Especially V^(j)*L\Qx = m 't'TX and V^(l)*u;\ax = m '^T*X for veHical T. 

Proof. The full proof of the mapping property of is tedious and we do not give it 
here. To see how to proceed, let us prove (a) in detail. First note that the expression on 
the RHS of (a) is well defined and independent of the ambiguities in the decomposition 
of g^. To prove the equality, let A^, B be as above. Then, writing again X<^ = 9^^i'W^ 
Koszul formula yields 

/ / 'T* rl 'IT 

2Vt^(i?) = (Lx,<70)(iV,i?) + d—{N,B) = {Ly,^g^){N,B). 
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The Lie derivative of the metric can now be calculated using the decomposition of the 
metric and Cartan's formula: 

^x, (^^J {N,B) = ^dL{X,)—® — + — 0dL{X^)—j{N,B) 



n T n T 

= d(l + 0*O(x^))(iV) — (S) + (1(1 + <jfO{x^)){B)—{N) = 0{x) 
Ly,^gz{N,B) = X^gziN,B)-gz{[X^,N],B)-gziN,[X^,B]) = 0{x), 

where we have used Lemma ^]3] (a) and (b), especially that G T{x^TX). 

The calculation of the contribution of the term h in the decomposition of g^i^ is a little 
bit more involved: First, write 

(Lx»(iV,i?) = ^{Ly,yh)iN,B) - 2(1 + <P*Oix'))hixN,B). 

We can assume that x'^h is (a sum of elements) of the form [(f)*a] ® [(f)* (3] G [x'^N*dXY . 
Note that for elements in [x''N*dX] of this type we have d[(f)*a], d[(j)*(3] G A'^[x''N*dX]. 
Now 

hL^^x'h){N,B) = -i(Lx,ra]®[</)*/3])(iV,i?) 

= ^ [d[0*a](X^,iV)[0*/3](i?) + (iV[0*a](X<^))[0*/3](i?) 

+ (i[0*/5](X^,S)[0*a](iV) + (5[0*/?](X^))[0*a](iV)] , 

and the first and the third summand here are 0{x) leaving us with 

^{L^^x'h){N,B) = \{N[<f>*a]{X^))[<f>*(3]{B) + \{B[<P* (3]{X^))[<f>*a]{N) + 0{x) 

•)C tjC ^jC 

= 2{Nx)[<P*a]{h^^WP]{-B) + hcp*a]{N)BcP*0{x^) + 0(x) 

= 2{Nx)h{ijX.,xB) + 0{x). 

Summing the two results, the equation is proved. 

The proof of (c) uses the same method. For T G r(^TX), A G Y{fXdX\) and V G 
r([l^9X]) one can check that 

2^^%V,A)^={Lyg^){T,A), 

and direct calculation, using the decomposition of g^ as above, shows that the RHS is of 
order 0{x). Parts (d) and (e) follow easily. ■ 



1.3 0-Differential Operators and the Dirac Operator D*^ 

Since r('^TX) is a Lie algebra of vector fields, the associated space of 0-differential op- 
erators on X, Diff^ (X), can be defined in the usual way. Given vector bundles F this 
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definition can be extended to ^-differential operators between tliese bundles, for example 
by using connections. Of interest to us will be the case of a (j)-Clifford bundle , which 
is a hermitian vector bundle E —>■ X with hermitian metric , connection V^'"^, and 
(yE,<t>^ V'^)-parallel Chfford action 

c<^:r('^r*X)-.r(End(E)), 

or, equivalently G r{'f'TX (g) End(£^)). The notational conventions used w.r.t. this 
Clifford action have been listed in Appendix [A.l| . The associated Dirac operator, given by 

is a 0-differential operator with coefficients in E. The restriction of this operator to the 
boundary dX is a vertical family of Dirac operators which we sometimes denote by D*^'^. 

Our real interest hes in "degenerate" metrics of the type = x^g^, where g^ is an 
exact 0-metric, and the associated Dirac operator D*^. We will use the notation to label 
geometric objects associated to this metric. Thus 

gd = x-'g^, ^TX = x-'^TX, ^T*X = x^T*X, X, = g^\—) 

and so on. Note that the sections of '^TX may be singular as sections in TX and do not 
form a Lie algebra, which is why we have to consider the bundle '^TX in the first place. 
The Levi Civita connection 

yd : TC^TX) T{T*X (g) '^TX), : T{'^T*X) -> T{T*X (g) '^T*X), 

associated to the metric gd, is a true connection and can be described in terms of the 
connection as in Appendix |A.2| . Thus for vectors G TX, W G r{'^TX), and a 
differential form a G r(A'^T*X), 

V%-W = -V%W + -G{N)W,G{N)W:=^{W)xN-g^iW,xN)X^ (13) 

tAJ iXj iXj tXj 

Vtx^a = x^V*a + a;G(Ar)a, G(Ar)a:=£^(xAr)t^(^)a-£(^)t(xAr)a, (14) 

Ob Ob 

where N is the counting operator. It will be useful to remember that for A^ G TX 

G{N) - G[N) = 0{x^) EndC^TX) 

by Lemma |T]^. The map G{N) is of order 0{x), if N is vertical at the boundary. In general 
G{N) maps 

G{N) : Til'f'VdX]) — > 0(a;)r(<^TX), G{N) : r{[^NdX]) — > r{['''NdX]). (15) 

We can now introduce our basic objects of study. Given g^ as above, we consider a 
d- Clifford bundle , which is a hermitian vector bundle E X with parallel hermitian 
metric h^, connection V^'^ : T{E) T{T*X(gE), and (V^''^, V^)-parallel Clifford action 

Cd : T{'^T*X) r(End(E)). 
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The associated Dirac operator is 

Dd „ „ T-7E,d 
= Crf O V . 

It is shown in Appendix |A.2| - or can be checked by hand - that the definitions 

V^"^e := Vn+^c,(5iV)c,(^)e, (16) 

c^{a) = xc,(a), c^{A) = ^Ca{A), hi A e ^TX,a e '''T*X, 

endow the bundle E with the structure of a 0-Chfford bundle. The relationship between 
the Dirac operators D"^ and D*^ is given by 

X 2 x^ X 

This will allow us to apply the analysis developed for 0-operators in the next Chapters 
to the operator D'^. 

It should be emphasized that the d-Clifford structure on E and the Dirac operator 



D are regarded as our basic objects. For example, as explained in Appendix [A .21, if D 



\d 



is the signature operator dd + d*^ on E = A'^T*X, then D''^ = xD"^ differs from the 
conformally transformed signature operator by an endomorphism. Whenever we want to 
calculate explicit formulas involving the Clifford bundle we will therefore be careful to use 
the (i-structure. 

Let us end this Section with some useful remarks about the connection and about 
the relationship between the curvatures and W^: 

Lemma 1.6 (Connection and Curvature for ga at dX) Let T E T{^TX). Then 

(a) V^^(A)|ax = OforAe r(^TX) 

(b) V^lox = V o o V + (/)*V^''' on on TC^TXldx). 

(c) ^Vl^(i5)|ax = gz{A,B) for A, Be T{^TX) 

(d) V^Xdldx = the vertical projection '^TX\gx '^V*dX 

(e) The tensor C = R"^*^ - R^^*^ E T{A^T*X (g) End('^T*X)) is given on tangent 
vectors Ti, T2 by 

C(Ti,T2)\dx = £<t>{xTi) l{xT2) - e^{xT2) t{xTi) 
Proof. To prove (a) we will use Lemma [L^ (a). Thus, for B G r{'^TX) we have 
V^^(ifi) = V^^(5) + G(f)^(5/x) 



-h{xT, B) + g^{xT, B) - —{xT)^{B) + 0{x) 
gz{^,T) + 0{x)=0{x). 
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To prove (c), we just have to observe that the 0(x)-term in (a) is O(x^) if A,B are 

in r('^TX). This should be clear from the proof of Lemma |1.5| (a). Part (d) is just a 
reformulation of (c). 

To prove (e), let A, B e T{^TX). Then first 



R'"''^''{A,B)-R-''^^{A,B) = [^Vlx,^V^x]-^Vf,,^]X-[VtVS]+Vf^^^, 

= [Vl, G{B)] - [Vt GiA)] - Gi[A, B]) + 

The different terms in this expression are 

[Vi,G{B)] = —{A)GiB) + GiV^^B) - e^{xB) t{^) + s^{^) t{xB) (17) 

X 

-[V%GiA)] = -^{B)GiA) - GiV^^A) + e^ixA) - e^i^) l{xA) (18) 

[G{A),G{B)] = [G{A),G{B)] = ... = e^{^)L{^)-e^{^)t{^). 

Now the first summand in (0) and the last two summands in ([18|) give 
dx 



X 



-{A)G{B) + e^{xA) i{xB) - e^{xB) l{xA) = e^{xA) t{xB) - e^{xB) l{xA) 



and we get the same contribution fom the first summand in ([18|) and the last two sum- 
mands in ([T7|) . Putting everything together gives the result. 

Note that we have made extensive use of the fact that A and B are tangent to the 
boundary, since we needed every summand to be regular in End('^T*X)! ■ 

The expression for C{Ti,T2) only contains horizontal tensors. Therefore it maps 

C(Ti,T2) : fV*dX] — > x'^T*X, C(Ti,T2) : [^N*dX] — > [^N*dX], 

in general and even vanishes at the boundary whenever Ti or T2 are vertical. This means 
that C\dx G 0T(A2r*F ® EndC^T^X)). Using Lemma |l3(e) we get the following 

Corollary 1.7 i?'^(Ti, T2)|ax = v o i?<^(Ti, T2) o v © 0*i?^'^(Ti, T2) for T^^T^ e^'TX . ■ 
1.4 Geometry of the Boundary 

The essentials of the geometry of fibre bundles M = dX Y are recalled in Appendix 



A.3| . In this Section we want to show how the geometry of (X, g^) relates to the geometry 
of the boundary dX. To do this, a metric on dX has to be defined. 

The first step is an extension-Lemma: Fix a normal vector field u G r(TX). Then any 
section A e r(9X, <^TX|ax) can be extended to the interior by parallel transport along 
u. More concretely, in a small neighbourhood U{dX) of the boundary, we write A for 
the extension of A into '^TX such that -A is parallel w.r.t. along u. This choice of 
extension may seem a little odd at this stage, but will prove to be useful in Proposition 



1.14| and Chapter 5. In any case it has the following nice properties 



1.4 Geometry of the Boundary 



15 



Lemma 1.8 (Special Extension) Let u, vi, he normal vector fields in TX and 
index the associated extensions accordingly. Let N G r(TX) and V G r{dX,VdX) , 
A G T{dX,'''NdX). 

(a) A G T{U{dX), [^NdX]) and V G T{U{dX), ['^VdX]) 

(b) V%lA G T{U{dX), I'^NdX]) and V%W G T{U{dX), [^VdX]). 

(c) V%A G r{U{dX), [^NdX]) and V%V G r{U{dX), [^^VdX]). 

(d) ^(a' -a") G T{U{dX), [f'NdX]) and ^(F' -F') G T{U{dX), [f'VdX]) 

(e) ^^lax G ''TX\qx is independent of the choice ofu. 

Proof, (a) is clear by construction, (b) and (c) follow from Lemma |l]^(c) and (pTSl). 
Consider (d): Taking two extensions V ,V G T['^TX) of G T{ydX) it is clear that 
-F^ G 0(x)r('^rX). Thus 

kv'-v') = ]^Vt(F' -F') G Tii'^VdX]) 

by (c). ■ 

As a consequence, this construction yields a canonical choice of horizontal space in 
^TX\qx as the span 

''HdX = {-A\9xbTx\ AeT (dX, 'f'NdX) ) . 

X 

The induced horizontal and vertical projections in TdX = TM and ^TX\gx will be 
denoted by h and v. Using these and the boundary defining function x we can now define 
the maps 

Sh : '''TXlsx — >''TX\9x A I — >[-nA + yA]\ 

dX,>>TX 

(5,1 : 'TX\9x-^'^TX\9x A^x[hA],\9x,^TX + [^A],\ 

dX,TX 

= x[A]b\dX,'t>TX + M]b|ex,TX, 

where [A]f, is an extension of A G ''TX|ax to ^TX. The mapping properties of 6h and the 
justification of the "inverse" -notation are given in 

Lemma 1.9 (a) 6h G T{dX, ^T*X ® ^TX\ax) 

(b) 8h o = IdfcTX; and oSh= ld4.Tx 

(c) 5^\TM) = (4)^ c ^TX, and 61{T*M) = ^T*X. m 
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We can now simply define the metric on the fibres of ^TX\m ^ M as 

gM,b = (Sf^^Tig^t,)- 

Using the identification of TM with the kernel of in ^TX\qx we can also restrict the 
metric gM,b to the metric qm on M. However, since it involves no extra work, we prefer 
to stick with the bundle ^TX\m- Thus, the Koszul formula defines the "Levi-Civita"- 
connection V^"'^'* associated to this metric. To be able to use this definition in calculations, 
we need a more detailed description of gM,b- Parts (b) and (c) of the following Lemma 
will therefore be of particular importance: 

Lemma 1.10 (Metric on the Boundary) 

(a) gM,b = ^h{g^^) 

(b) qmAV, T) = g^{V, T) for VeVM,Te 'TX 

(c) gM,b{TuT2) = g^yT,, vT^) + gdiT^.T^) for Ti,T2 e 'TX 

(d) ^AIqx for a e T{^NdX) is horizontal w.r.t. gM,b- 

Proof. Part (a) is straightforward. To prove (b), we first show that (70(1^, T) is well defined 
by showing that it is well defined for the different terms in the decomposition of g^. To 
do this note first that 



i.e. the expression -^{V) is of order O(x^). Thus 

^ ® ^(F,T) = 0(x°) dx{T) = 0{x). 

OC Oil 

To see that the expression hiV ,T) only depends on V,T\qx, note that the extension V 
pairs with any element (p G T{\^N*dX\) to 0{x) and there is a natural map x\^N*dX] 
T*X. But the pairing of T with any element in T{dX, T*X) clearly only depends on T\qx- 
The corresponding statement for gz is clear. 

To prove the equality in (b) note that it is trivially true for vertical T. On the other 
hand 



(V'.h|r|), = (V'.>. = ^A'(V.i^>. = ^ 



{V%-A,-V)a+ {-A,V%-V), 

ry ry rf ry 



is by definition of the extension. This also proves (c) and (d). ■ 

As an aside, note that part (c) of the Lemma implies that the metric gM,b (or gM) is 
really of the type ( p.l4| ) required in Appendix [A.3| , since 



The following Lemma lists some ways to calculate the horizontal and vertical projections 
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Lemma 1.11 Let a G T{^T*X), N G T{TX) and T e T^TX) = T{['^N*dX]). Then xa 
is a section in ['^V*dX] and 

(a) VUxa){T)\ex = VU{xT)\ex = dx{N)a{hT)\9x. 

(b) xV%T\9x,»TX = - dx{N)hT 

(c) xViT\9x,^TX = dx{N)yT 



Proof. We use the method developed in Section |L^. For simphcity, assume that a E 
r(T*X). Also write A := {g^)-^{a). Then 

V^(xa)(T) = Vta(xT) + 0(x) 

= iLAg^)iN,xT) + daiN,xT) + Oix) = {LAg^){N,xT) + 0{x). 



The different parts of the Lie derivative of the metric can be calculated as in Lemma |1.5|: 



La{^®^){N,xT) = 0{x-^)dx® dx{N,xT) + 0{x) = 0{x) 



x'^ x'^ 



LAgz{N,xT) = 0{x) 
LaKxN^T) = {Nx)h{A,T) = {Nx){a{T)-gz{A,T)) = {Nx)a{\\T) 

This proves the claim for a G T{T*X). It is easy to see that it also holds for forms of the 
type a = f-^. Parts (b) and (c) are just reformulations of (a). ■ 

We now want to describe V^'* and its associated tensors in terms of gd and V^. We 
start with the following 

Definition 1.12 (a) The curvature G C^{dX, A'^ ^T*X O VOX) is defined by 
n4A,B) := v[-^,-^]|ax = ^^A^(-^,-^^), for A, Be "^TX 

/>-» />'■ />-» /v» 

(b) The tensor G C°^{dX, V*dX ® 't>N*dX ® VdX) is defined by 

SJV)A := y-VtrA\9x, for V G VdX, A G "^NdX. 

X ^ 

It could be called the (p-second fundamental form. 

(c) A variant of (b) is G V*dX O '^N*dX ® VOX), defined by 

Sd{V)^A := vW^^Alsx S^iV)A + ^iA)V, for V G VdX, A G ^dX. 

(d) B^ G A2\/*(9X (g) ^^NdX) is defined by 

B^{V, W) := (jV, W] - [V,W]^ , for V,W e VdX. 
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The reader should verify that is indeed a well defined tensor: Since [V, W] and 



[V, W] have the same boundary value as elements in ^TX, their difference 



[V,W]-[V,W] lies in x'f'TX. (19) 

The nonvanishing of the tensor is linked the fact that might not be a product 
0-metric near the boundary! In the product case (p^Qf ) vanishes near the boundary and 
therefore = 0. 

For a general exact (/)- metric we have the following analogue of Lemma |A.3: 



Lemma 1.13 Let Tq G T{TM),Ti,T2 G T{M,^TX\m)- Then 



+1 [{Q^{WoM)M)<^-{%{mM),^o)^-{%m,\^^^ 



+ (5^(vTo)hTi, vTs)^ - (5^(vTo)hT2,vTi)^ 

Proof. This is an application of the Koszul formula using Lemma p..lO| (c). We only give 
an example of how the calculation differs from the one in Lemma A.3| : 

2{S4V)A,W)^ = -W{V,-A)^ + V{-A,W)^ + -A{W,V)^ 

/yj /J* 

•Xj iXj lAJ 

-(F, [-A,W])^ + {-A, [W,V])^ + (W, [V, -A])^ 
= -W(F, -A)M^b + F(- A TF)m,6 + -A{W, v)m,i> 

-(F, [-A,w])M,b + (-A W.y])M,b + (TF, [F, iz])M,6 + (-A W.V]), 

= 2{SM{V)-A,W)M,b+{-A[W,V])^ 

X X 

= 2{SM{V)^A,W)M,b- {B^{V,W),A)^, 

and so on. ■ 

As a special case of this Lemma, note that 

(VJ\Ti, vT2)m,6 = (V^„^,^)<^ + ^{B^{VT,,W2),xWTo)^. (20) 

This will play a minor role in the calculation of ( |102| ). 

We can now calculate parts of the curvature at the boundary more precisely. 

Proposition 1.14 Let N G T{TX) and W,A,B e r('^rX). Then at the boundary 
(a) {R''{W,N)A,B)^ = {R''{W,N)^A,lB), 

= {R^iW, N)yA, yB)^ + dx{N) [{Sd{W)lnB, yA)^ - {Sd{W)^^nA, v 
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(b) (W^lW, N)nA, nB)^ is 0{x) and the corresponding coefficient depends on the choice 
of extension of nA, nB into the interior. Still, one has 

{{V%R^){W, N)nA, nB)^ = ( dx{N)y{n^{A, B), W)^. 



Proof. First note that the LHS in (a) is 0{x), whenever W G T{['l'NdX]). We thus can 
assume right away that W G r(['^V9X]). Then, using the special extension, w.r.t. the 
normal vector field N, we get 



{R\W,N)-nA,-vB)d 

X X 



Furthermore, the LHS, 



{R\W, N)-nA, -v5), = -N{V^-nA, -vB), 

XX X X 

- dx{N){V^-^,^)^ = - dx{N){S^{W)-^,^), 



{R^iW, N)-A, -B), = {R\A, N)-B, -W)^ - {R\B, N)-A, -W),, (21) 

is of order 0(x), whenever A, B are in T{\^NdX]). This finishes the proof of (a). To prove 
(b), assume that A,B are in T{[^NdX]). Then 



{{W%R'){W,N)-A,-B)a 

X X 



N{R\W,N)-A,-B)d 

X X 



{Nx 
{Nx)N 



{R''i-A, N)-B, -W)d - {R\-B, N)-A, -W)^ 

Xrp rp rp rp rp 



X X 
id 



I X X 



-1^ 1- 



{NxY{[-A, -5], W)^ = {NxY{%{A, B),W)^. 



This finishes the proof. 



Using Definition |1.12| and (the proof of) Lemma |1.13| , the RHS in Proposition |1.14| (a) 
can be further decomposed into contributions from the intrinsic and the extrinsic geometry 
of the boundary fibration. For instance, the term 



{R''{W,u)yA,yB)4,\ax = {R\W,ij)yA,yB)4,\ax, 

where z/ = ^X^;, should be considered as a tensor describing some aspect of the extrinsic 
geometry, since it vanishes whenever is a 0-product metric. 
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2 The (/)-Calculus 



As before, X denotes a manifold with fibred boundary. By the Schwartz kernel theorem, 
continuous operators from C°°{X) to C^°°{X) are represented by elements of C~°°(X^). 
In this Chapter we will give an overview of the ideas developed in [ lVlalVle3 ] and ||lVleO|| , 



Me3] for the analysis of such operators whose kernels are distributions conormal to the 



diagonal and to the boundaries in a certain sense. The composition formula for these 



pseudodifferential operators proved in Section 2.3 is an extension of the corresponding 



result in MaMeS . 



2.1 The b- and the 0-Blow up 

Denote by i3l,I3r the left and right projections from to X. Given two sets of local 



coordinates on X near the boundary x,y,z and x',y',z', as in Section we get coor- 
dinates on X"^ by lifting the first set from the left and the second set from the right to 
X^: 



X 



Pl^, y = Ply, 



and 



X 



A priori the two coordinate sets on X can be completely independent. It will usually be 
assumed though, that x = x' is the fixed boundary defining function on X. Sometimes, 



depending of the geometrical situation - see the proof of Lemma |2.1| below, we also assume 
that y = y' and z = z' on X. In that case, we will say that the coordinates y, y' or z, z' 
on are paired. 

For an easier analysis of the different classes of pseudodifferential operators on X we 
introduce: The 6-kernel space is defined as the blow up (compare | |Me3| ] ) 



[X'^.dX X dX]. 



The corresponding blow down map is denoted (3i, : Xj 
right projections are (3b^L and /3f,^R. We write 



X^, and the induced left and 



Ab := p-\A - dA), bf := /5fc"^(5X X dX). 




Figure 1 



2.1 The h- and the (j)-Blow up 
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The face bf is diffeomorphic to dX x dX x [— 1, l]^-. Here, the coordinate a is given by 
cr = The fibre diagonal dX Xy dX is the preimage of the diagonal Ay under the 
map (0, (f)) : dX x dX — > F x F. Its hft in bf is denoted by 

:= (3i;\dX Xy dX) x{a = 0} = dX xy dX. 

Note that this definition depends on our (fixed) choice for the boundary defining function 
X. Blowing up Ffj, in X^ yields the kernel space for the 0-pseudodifferential operators 
(compare ||MalVle3|| ) 

Again, we write (3tf> '■ ^1 for the blow down map and Ptf>,L and jS^p^ji for the induced 

left and right projections onto X. Also, the lifted diagonal and the blown up faces are 
denoted by 

A^:=(3^\A-dA), S:=(3^lF^, 0bf :=/3^-j(bf-F<^). 



x' 




Figure 2 

As a general rule, given a boundary face F, we denote by pp a boundary defining function 
for F. The following Lemma describes the fundamental property of the blow up X|: 

Lemma 2.1 (a) Restricted to the spaces {3^^ and (3^ifV each span the normal 
bundle NA^. Especially, recalling that A^ is canonically diffeomorphic to X, we 
have TXI\a^ = TX ®'t'TX. 

(b) P^^rW , for W G T{^TX), is a (j) -vector field at If and (j)hi and is a b-vector field at 
ff and rf . 

o 

(c) ff is canonically diffeomorphic to '^NdX Xy dX and ff to RCfib(''^-A^c^-^ Xy dX). 

Proof, (a) and (b) can be proved by calculating the lift of vector fields in local coordinates. 
First, taking local coordinates near the corner in X^, we can introduce local coordinates 
on X^, projective w.r.t. x': 
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These coordinates are valid near bf but away from rf . There we calculate 

as = — dx and Pb,R x — = x s —, Pb,R x— = x s — . 

X sx ox OS oy oy 

Near the fibre diagonal we can assume that the coordinates y and y' are paired, 
thus is described by {x' = 0,s = l,y = y'}. Near ff, but away from bf, we can 
introduce coordinates on X|, projective w.r.t. x': 

x', S='^, Y = ^^, y', z, z' and (23) 

dS = - ^—-^ dx', dY = '^^ - ^ ^ dx'. 

x' [x Y X [x Y 

From this we get: 

/5^,i^*^'^ = (l + ^'^)'^, P^,R^§^ = i^+^'S)^. (24) 

From these calculations (b) is obvious. Finally, near the lifted diagonal we can add 
the condition that the coordinates z and z' are also paired. Then is just {x' = 0, 5* = 
0, Y = 0}, 7. = z! and the assertion of (a) also follows from (p4[) . 

For (c), we just mention that the map from '^NdX Xy dX to the interior of ff is given 
as follows. A nonzero element W G r{'^NdX) lifts via /J^^^ to a nonvanishing vector field 
l^4>L^ on ff, which generates a flow $vk(^) on that face. This flow is identified with the 
linear flow generated by W in the fibres of 'I'NdX. ■ 

The small calculus of 6-pseudodifferential operators on X is defined as the space 

^m(^) ■■=CMi^ixlAb;p;Jnix)), 

of distributions conormal to A;,, but C°° everywhere else, and vanishing to infinite order 
at all the faces in except bf (compare ||MeCI|| and Remark |3.1| for an explanation of 
these notions). The small calculus of 0-pseudodifferential operators on X is defined as 

^^ciW :=C';r/cT(^|, A^;/3;/fi(X)). 

Note that we always assume our conormal distributions to be classical at the diagonal. 
The "cl" -notation in the above definitions refers to the fact that the distributions are 
also assumed to be C°° at the faces bf or ff . More generally, given a C°°-index set S = 
{Eg, E^^^f, E^i, Elf), see Appendix [A.6| , we can define the corresponding space in the big 
calculus of 0-pseudodifferential operators by 

^;''{X) ■.= A'l^{Xl,A,;(3l/n{X)), 

and ditto for b-operators. These definitions also make sense for finite index sets, where 
the index of lowest order is interpreted as a conormal bound. Note that with this notation 

%'AX) = ^J''{X), Es = m + N, Elf = Erf = E^bf = oo. 



2.2 Mapping Properties 
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and the similar statement for 6-operators is left to the reader. 

An advantage of choosing the density bundle to be lifted from the right factor is that 
for any z/ G r('^fi(X)) and W eT{X, *TX) we have 

Lpiwl^*RV = on X^, L^*^iy/3;_^z/ = on Xj. 

Thus, the lifts to of vector fields in 'I'V from the left factor act on elements in \E'^'^(X) 
(as Lie derivatives) in a particularly simple manner. 

The definitions above can be extended to operators between sections of vector bundles 
in the usual manner. In the case of the Dirac operator on a (0-) Clifford bundle E we 
introduce the "coefficient bundle" 

on X? and the analogous definition on X^ to simplify the notation. 



2.2 Mapping Properties 

In order to describe elementary mapping properties of our pseudodifferential operators we 
use the pullback and pushforward results for conormal distributions on blown up spaces 
as described in [ [lVieU| (see also ||Lo|| or Appendix |A.6| ). First, we need a little 

Lemma 2.2 (Densities and Blow up) Let N he a manifold with corners, and F C dY 
a p-submanifold. Let Sq C N*F be a subspace ofq-parabolic directions. Then the blow down 
map 7 : Np = [N; F, Sg] — > N has the property 



F 



where n{F) := dimX — 1 — dimF is the codimension of the blow up. ■ 
Note that the blow ups in this Chapter are all simple, i.e. q = 1. 

Using this, we can describe the action of an element P G \E'^'^(X) on a function / G 
A'^{X) as follows. Choose a nonvanishing section u G C°°{X,Q{X)). Lemma |2.2| and the 
pullback Theorem |A.18| then tell us that we have a conormal distribution on X| of the 
type 

■ P ■ PUf e A^I'^iXl A^, n(Xj)) Gs = Es + F, G^u = E^u + F-h-l, 

Grf = Ej-f + F — h — 2, Gif = Elf 

If Grf > —1, we can push forward this expression via f3^^L to the left factor X (i.e. integrate 
the expression over the right factor) using Theorem [A.20| and set 

Pf = P^,LM,LU-P-P;,Rf)/^^, i-e {Pf,u)x = {P,P;if^u))xi, (25) 

where u is only used for bookkeeping purposes w.r.t. the densities. By the pushforward 
Theorem |A.2CI| this is a conormal distribution 

Pf G ^^(X), G = EriU{Es + F)U{E^m + F-h-l). (26) 
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Analogously, if Q is a b-operator in \1/J^'^(X), with Ej-f + F — 1>— Iwe can set 

Qf = Pb,LM,LU ■ Q ■ PlRf)/u e A'^iX), G = E,,U{Eu + F). (27) 

As a special case note that elements in the small (6- or 0-) calculus always map A^{X) 
to itself. 

Having defined the action of </>- and 6-pseudodifferential operators we can now describe 
their relationship with the corresponding classes of differential operators. First, note that 
the identity is an operator in the small calculus of order 0: 

[Id] Gvl/0^i(X), and e ^1,,{X) ■ (28) 

To describe the composition of a ^-differential operator, or 0-vector field W for simplicity, 
with a 0-pseudodifferential operator P, recall that for forms ai, a2 and a 6- vector field W 
on the partial integration rule reads 

Lvi/tti A 02 = — / Oil /\ L]ya2- 



Hence, from the definition (|25|) we get 

{WoPf,u)x = -{Pf,Lwu) = -{P,p;ifmLwu))x2 = {Lp*^^wP,P;if^u))xi, 
from which we can deduce that W o P = Lp* ^wP- Here we have used the fact (Lemma 



2711) that the vector field (31 iW is tangent to the faces of X?. This argument shows that 



composition of a ^-differential operator and a (/)-pseudodifferential operator is well defined: 

Diff^(X)ovl/--^(X)cvl/;^+^'^(X), (29) 

for any index set £. Also, from (^Sf) we immediately infer that Diff0(X) C '^'^^^{X). 

Sobolev Spaces, Compactness and Trace Properties 

We now want to analyze the mapping properties of our operators w.r.t. L^- and Sobolev 
spaces. Using the volume form dvol^p which is induced by the exact 0-metric g"^ and 
dvolb = x'^'^^ dvolif,, we can introduce the spaces 

Lj(X, E) = L\X, E- dvol^), Ll{X, E) = L\X, E; dvol,), 

with norms || ■ H,^ and || ■ ||;,. The associated scales of Sobolev spaces are 

H;iX,E) = {^eC-°^{X,E) I %iX,E)^cLliX,E)} 
Hl{X,E) = {^gC-°^(X,P) I n{X,E)i(lLl{X,E)}, 

and the Sobolev norms || ■ ||(/,,s, || ■ can be defined as usual using fixed families of elliptic 
operators Ps G (,j(X, ii^), Qg G \I^^_^i(X, _E) (invertible, or - in the b-case - invertible 
modulo an element in ^>^°°{X,E) ). The main mapping properties of h- and 0-operators 
w.r.t. these spaces are described in the following 



2.2 Mapping Properties 
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Proposition 2.3 (a) Q G \E'™''^(X, E) with m <0 and index sets Fbf > and F^, Frf > 

is a bounded operator on Ll{X,E). 

(b) P e ^J'^{X,E) with m <0 and index sets Eg > 0, E^^ > h + 1, Eu > ^ and 
Eri > is a bounded operator on L'^{X,E). 

(c) P G \&^'^(X, i?) with m < and index sets Eg > 0, -Ej^bf ^ h + 1, Eif > and 
E^i > h + 1 is a bounded operator on Lf {X, E) . 

Proof. Reduction to the case m = —oo is done as usual using Hormander's argument (see 
lVleO[| or Proposition 7 in | ]lVlalVle3| ] ) . In (a) it then suffices to verify the mapping property 



for an operator Q supported in a coordinate patch. There, write Q = a(w,w') dvoli,{w') 
We can estimate 

WQfWl = [\f a{w,w')fiw')dvokiw')\'dvokiw) 
Jx Jx 

< / / \a{w,w')\ dvolb{w') / \a{w,w')\\f{w')\'^ dvolb{w') dvolb{w). 
Jx Jx Jx 

Now, it is easy to see that there is an operator B = b{w, w') dvolb{"w') such that 6(w, w') > 
|a(w,w')|. Then, the above is certainly smaller than 

sup( / 6(w, w') dwo/f,(w')) ■ sup( / 6(w, w') dfo/fc(w)) ■ / \f{w')\'^dvolb{w'). 

w Jx w' Jx Jx 

The sup's are finite, since B maps the function 1 to L°°{X) and the adjoint kernel satisfies 
the same estimates; (b) and (c) are then consequences of (a) using the fact that pflfj, = 
(xT'-'f^U^t and LliX) = xC^^^y^LliX). ' m 

Corollary 2.4 For P e ^^,i(X,^), Q G ^]^^^{X,E) the maps 

p : //;+"(x, E) h;{x, e), q -. hi+^{x, e) h^{x, e). 

are continuous. ■ 

The standard results on compactness- and trace class-properties of pseudodifferential 
operators on a compact manifold generalize to our context as follows: 

Proposition 2.5 (Sobolev, Rellich and Lidskii) 

(a) H'^''^^^^\X,E) --^ C\X,E), continuously. 

(b) x^Hl^\X,E) ^ Hl{X,E) IS compact. 

(c) Let P be a bounded operator on Ll{X,E) and assume P : H^{X,E) 



X 



^}{^+"-+^(^X, E) continuously. Then P is trace class and tr(P) = J^[P]- 
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The above Sobolev spaces and their variants will only play a minor role in subsequent 
Chapters of this work, since we will explicitly construct the integral kernels of the resolvent 
and the heat operator of D'^ and not rely on abstract existence results. The main result 
that we are going to use is the following Corollary, which gives us a minimum requirement 
for the smallness of the error term in the construction. 

Corollary 2.6 (Trace Class Operators) 

Operators Q G %''~"'^"'"'"\x, E) are trace class on Ll{X,E). m 

Finally, let us note how to calculate adjoints w.r.t. Ll{X,E): Let Q be an operator in 
E) or \l/</,(X, E) and write for the formal adjoint of Q obtained by flipping sides 
in X"^. Then 

Lemma 2.7 The Ll-adjoint of Q is given by Q* = ■ dvol'^^^® dvolb,R- ■ 

In order to avoid any confusion due to the variety of different L^-spaces, and to be 
able to use the standard constructions of the 6-calculus (see ||Me3|| ) without difficulty, 
we decide to let all operators act on L'^{X). However, the goal of this work is the 
description of the spectral properties of the Dirac operator D'^ on L'^{X, E; dvold), where 
dvold = dvolif) = x"" dvolb is the volume form corresponding to the metric g'^ = x'^g^. 
Thus, we have to consider the diagram (truly valid only on the domains of definition) 

L\X,E;x'' dvol^) L\X,E;x'' dvol^) 

Ll{X,E) LliX,E). 

Thus, requiring all our operators to act on Ll{X, E) means that we are ultimately looking 
at the operator 

. V dx 1 , h dx „ 
D = D'^--Cd(— ) = -D'^+-c^(— ) on Ll{X,E). 
2 X X 2 x^ 



This choice will turn out to be particularly convenient in Sections 3.5 and p.6|. 



2.3 Composition Formula 

In this Section, we will prove that the composition of two operators in ^(^(X) is again in 
\1/(^(X). To explain the main idea of the proof, consider first the "triple space" X^ together 
with its projections onto X^: 

i TIM (30) 
The composition of two operators A, B °° {X'^ , (3^^1{X)) is then simply given by 



2.3 Composition Formula 



27 




In order to describe the composition properties of 0-pseudodifferential operators we need 
to replace the image spaces in (|30D by X? and modify in such a way that (|3^) becomes 



a diagram of 6-fibrations. This will allow us to use the pullback- and pushforward results in 
MeO|| (see also Appendix |A.6|) to describe composition of 0-pseudodifferential operators. 



The first step is to blow up the corner of X^ in (|30|), thus replacing it by Blowing 
up the preimages of the corner under vr^,, hm and ttr at their intersections 

T := ((9X)^ F := X X dX X dX, C := dX x X x dX, S := dX x dX x X, 

leads to the 6-triple space X^ defined as the blow up 

X!:= [X';T,F,C,S]. 

The projections in ( pOD induce b-fibrations Hb^o '■ X^ X| for a = L, M, R such that the 
diagram 

-vr3 v'i 

— ^ -^h 

i i (31) 

^3 ^ ^2 

is commutative. The next step is to replace X| in ( PT| ) by by blowing up the fibre 
diagonal F^. To define the new LHS in (0), we have to blow up the lifts of F^ under 
ttl, t^m and vt/j. We denote these faces (as afterwards the result of their blow up) by 

4>c, 4>s, 4>FT, 4>CT, 4>ST, 4>TT, and define 



X4, '■= [X!; <pTT\ <pFT\ <PCT\ <PST\ <pF\ <Pc\ <Ps\ 
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Figure 4: X| 



By R, M, C, F, S, C, T we denote the lifts to X| of the non-blown up parts of these faces 
in X^. We will also have to consider the behavior of our operators at the lifted diagonals 
TT^^A,^, with o = L, M, R. The following is proved in ||MaMe3|| : 

XI for 



A 



Proposition 2.8 The projections in ^3^^1\ ) induce b-fibrations tt^^o '■ 
= L, M, R such that the diagram 



xi 

X3 



x^ 

i 



is commutative. 

The coefficient matrices can be read off from Figure 4: 

Lemma 2.9 (a) tt^ maps the face L to the interior of X^. 

TTlU = {R,C,<Pc} vr^rf = {M, F, 0^} 

7r20bf = {S,T,(f)FT,4>CT} TT^ff = {4>s,4>st,(Ptt] 

(b) TTpi maps the face R to the interior of X^. Also 

TT^lf = {M,S,^s} = {L,C,cPc} 



Also 



7r20bf = {F,T,05t,0Ct} TT^ff = {0F,0FT 

ttm maps the face M to the interior of X^. Also 

{R,S,^s} vr^rf = {L,F,^p} 



TT J 



7r*^0bf = {C,T,<PstAft] 



{0c, 0CT, 0Tr} 



2.3 Composition Formula 
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Starting with two operators A G \I/^'^(X), B E \E'^'''^(X), and a placeholder function 
u e C^{X, n{X)), their lift to is 

Jl,u ■ nl^A . nl^B G ^^/('-"/^•^-"/^)(Xj, A^,^ U A^,^; (32) 

The space on the RHS consists of distributions with conormal singularity at the union 
A^ 2. U A^ /^ of interior manifolds in X^. This is described in [[MeCI|| . At the boundary 
faces its elements have expansions described by the index set Q as in Appendix A.6 . To 
calculate the index set Q we need to know the lifting properties of the density bundle 
'^fl[X). The following is proved using Lemma p.2| : 

Lemma 2.10 (a) Yb^iX^) = Pb^p pb,c Pb,s pIt ^i^b) 

(b) llb^iX^) = pf^^ {p<t>PT P^cT P<t>sT P<t>F P<t>c P<t>sf^^^{Xl) 

(c) iim') = PF PC PS Pi pt: pTc" Pit" piti pVcI pitr pf:Mn) 

(d) ilMX) ■ ^iL^m) ■ ^In^m) = pIPm-'Pb'"' 

^-h-l -h-l ~2h-3 -2h-2 J) -/i-l -/i-l CK m 

■Pf Pc Ps Pt P^FP^cP<f>S P4>FT P<f>CT P4>ST P <t>TT^ ''^^ " 

From this and the pullback Theorem A.18| (or really its extension to distributions conormal 
at the boundary faces and to some interior submanifold, see ||lVleU[| ) it follows directly that 
the index Q is given by 



Gl 


= Rri 






Gp 


= Lrf + i?bf — h — 1 


Gm 


= Lrf + _Rif 


-h- 


2 


Gc 


= Lu + R,i-h-l 


Gr 


= Lu- h- 


2 




Gs 


= Lfj,\j{ + Ru — 2h — 3 










Gj' 


= -^0bf + -R</>bf — 2h — 2 


G<t>F 


= Lrf + Rg 








= -^0bf + Rs — h — 1 




= L\i + i?rf 








= -^flibf + -R</.bf — h — 1 


G<ps 


= Lg + i?if 


-h- 


2 




= Lg + R(f,hi — h — 1 












= Ls + Rg. 



Thus, by the pushforward Theorem [A.20| (again, it is really the extension of this result to 
distributions conormal to A^ ^U A^ /j in | |Me(J| | that is needed), the conormal distribution 
in (|32| ) can be pushed forward via 7r^,j\/ whenever Gm = L-^i + -Rif — h — 2 > —\ giving 

^mAiIlU ■ t^IlA ■ ttIrB) e ^-^'-«^/'+'-(Xj, A^; fi(Xj)). 

Here the pushforward of the index set Q is given by the rule 



T^S MtQiB) = 11 , Gp, 



7i'</>,Mtt^(lf) = GrUG^UG^s 7r0^Mtt^(rf) = Gly^Gp\^G^J, 

''i"(/i,Mtt^(0bf) = GcUGyUG^gyUG^^j, vTj^^Af j^(ff) = G(^^UG0pj,UG(j 



which by Lemma ^.91 is 



30 



2 THE (f)-CALCULUS 



Rewriting everything in terms of the 0-density bundle hfted from the right 
we get the final composition formula: 

Theorem 2.11 (Composition Formula) Let A e and B e and as- 

sume Lrf + R\f — h — 2 > —1. Then Ao B E '^/^^''''^{X) with index set given by 

Mif = LifD( Vf + i?if - - l)0(^ff + i?if) 
Mrf = i?rfU(Lrf +_R^bf - - l)U(Lrf + ^ff) 

-^</-bf = {Lu + Ry.f)U{L^M + R^phf — h — 1)U{L^M + Rs)^{Ls + Rt(,h{) 
Ms = (Lif + i?rf)D(L^bf + R^bf - h - l)U{Ls + Ra) 

■ 

All the results above also hold for 0-pseudodifferential operators with coefficients in 
vector bundles. 
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3 Normal Operators and the Resolvent Construction 

In this Chapter we will present a construction of the resolvent G{X) of the Dirac operator 
D. We do this by first solving the equation 

(D- A)g(A) =/ + i?(A) on Xj (33) 

with successively smaller and smaller remainder terms R{X), then use the composition 
formula, Theorem ^.ll] , to (formally) invert / + R{X) and obtain a smoothing remainder 
term. In a final step this remainder term is then also removed. 

The construction will proceed by the symbolic solution of ( P3| ) and the subsequent 
removal of error terms appearing at the faces ff, (phi, If. The technical tools used are 
the so-called normal operators, which allow to give a representation of (|33|) at each of 
the above faces. These concepts will be introduced at the corresponding stages of the 



construction in Sections |3.1| , p.3| and |3.5| . Prototypes of this kind of construction can be 



found in [|MalVlel|| and |MeB||. 



3.1 Symbol Map 

The symbol map '^a in the small calculus of 0-pseudo differential operators, describes the 
conormal singularities at A^. It is given by the composition 

'^a^ : ^^JX) =C^I^{Xl A^; /5;/^](X)) C^^NA^, A^; Q{N A^ /A^)) 

S;;iiN*A^)=S^{^T*X). (34) 

Here, the first map comes from an identification of NA^ with a tubular neighborhood of 
A^, the second map is Fourier transform and the identification at the end is just Lemma 
|2.1| . Also, using radial compactification (for instance by introducing p := | as a defining 
function for the boundary at infinity) in the fibres of 't'T*X we could have written 

<S,7(*T*X) = p-'"C°°(RCC^r*X)), 

which by multiplication with p*" and restriction to the boundary maps to C°°{'^S*X). 



Remark 3.1 The existence of the map (|3^ can be taken to be the defining property of 



the space /^(X|, A^; pi^Q{X)) of distributions conormal at A,^ of order m and C°° up 
to ff. 



Putting everything together, the mth order symbol fits into a short exact sequence 

%%\X) vp™ ,(X) ^ C^{'^S*X) (35) 

of filtered algebra homomorphisms. 

Note that we will use both versions (|3^ , ^) of the symbol without distinguishing them 
notationally. Also, the generalization of these definitions to the calculus with coefficients 
in a vector bundle is left to the reader. Especially, using the identification of XA^ with 
^TX: 
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Proposition 3.2 Let W G r{'^TX), Q G ^^(X), Qe e ^^(X,E). 

(a) 't'a^iW) = iW, I.e. '^(J^+i{W o Q) = iW ®^a^{Q) 

(b) <^ai(D*) = ^ai{xD^) = V(xD) = ic^, i.e. V^+i(D^ o g^) = ic^ ® V.„(gij), 

etc., where W (and c^j are interpreted as linear functions on '^T*X. ■ 

As usual, an element P in i?) will be called elliptic, when its symbol '^am{P) is 

invertible in C°°('^S'*X). Thus, for instance, the Dirac operator D''^ is elliptic. 

3.2 Symbolic Construction 

To perform the symbolic part of the construction of the inverse of the Dirac operator 
D — A write 

(D- A)-^ = (xD-xA)"i -x. 

Thus, we can as well invert the operator P{\) = xD — xX, which is an elliptic operator in 
the 0-calculus: 

Proposition 3.3 There are holomorphic families, 

A ^ QoiX) e ^^i(X,E), A ^ i?o(A) e ^^,:?(X,E), 
such that P{X)Qo{X) = 1 + RoiX). 

Proof. This is the standard symbolic construction using the symbol sequence 
— > — y ^^(X,E) ^ C°°C^5*X, END(E)) — > 0. 

The symbol '^o"i(P(A)) is independent of A and invertible. We can therefore find a. g E 
C°°{^S*X, END(i?)) and, because of the surjectivity of the symbol map '^cr_i, also a 
Ge%],,iX,E) with 

'^a_i(G') = g, P{X)G = 1 - ^(A), A ^ S{X) G %^^i{X, E) holomorphic. 

We now set as usual 

Qo{X) =gJ2 SW', Ro{X) = P{X)Qo{X) - 1. 
J 

The construction can be made holomorphic in the parameter A. ■ 

In general the remainder Ro{X) will not vanish to any positive order at the face ff and 
therefore (compare Section ^.2[ ) cannot be expected to be compact. It will therefore be 
necessary to "solve away" (at least) the leading term of Ro{X) at ff, i.e. to modify the 
parametrix Qo{X) in such a way that the new remainder also vanishes at ff. This will be 
done in the next two Sections. 



3.3 Normal Operator at ff 
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3.3 Normal Operator at ff 

The normal operator at ff of an operator P e ^^ ^.((X) is defined as tfie restriction of tfie 
conormal distribution P to tfiat face. To describe this in more detail, first recall that the 
interior of the front face ff is 

ff= '^NdX XydX (36) 
and ff fibres over dX via the left and right projections 

S^dX fi^dX. 

The density bundle for the 0-calculus restricts to ff as the density bundle on the fibres of 
the left projection 

i3l/n{X)\s - fifibC^iVSX Xy dX dX) ^ (5ljfl{^NdX/Y) (37) 
This allows us to define the normal map at ff as follows 
Definition 3.4 (Suspended Calculus and the Normal Map) 

(a) The space '^^^{'^NdX) o/ suspended pseudodifferential operators on '^NdX is defined 
as the space 

C^lT'^\S, A^; fifib(/3^,L)) = S&^I^^'^'i'f'NdX Xy dX, F^; (3ljfl{^NdX/Y)) 
acting as (C^iY) x "R!^^^ -invariant) convolution operators on (e.g.) Sm^i^NdX). 

(b) The normal map Ng : ^^^cil^) ^ *^s(^^^^) f«^en by Ns{A) -.^ A\e. ■ 

It is again straightforward to extend these definitions to the the calculus with coeffients 
in a vector bundle as well as to any extended calculus, which allows restriction to ff to be 
defined. Let us note the main properties of this construction: 

Lemma 3.5 (a) The suspended pseudodifferential operators form a calculus, i.e. com- 
position gives a map 

Ku.i^NdX) X ¥,,,{'^NdX) ^ *irC^^5^)- 
(b) The normal map fits into a short exact sequence 

Ps^A^) nA^) ^ '^Zsi'^Ndx) 0, 

which is a sequence of filtered algebras. 

Proof. First, the exactness of the sequence in (b) should be clear. The algebraic properties 
follow, since composition in ^sus('^-^c^-^) is induced by composition in ^^(X): Taking two 
operators P, Q in the small calculus ^'^^j(X), it follows from the composition formula. 
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Theorem |2.11| , that (PoQ)|ff is whenever P\s or Qls is 0. Thus, the composition of P|ff 
and Q\s is independent of the choice of extension to X^. m 

Again, the description of the normal operators for 0-differential operators is particularly 
easy. Since, as we have seen, the composition of a 0-differential operator, or ^-vector field 
W, and a 0-pseudodifferential operator P is given by 

WoP = Lp*^wP = PIlW-P, and thus {W o P)\s = P^^Wls ■ P\s, 

the normal operator of W can be viewed as the restriction of P^^^W to the front face ff , 
acting on ^Zsi'^'^dX). 

This action can be described geometrically using the identification (^). The vector 
field P^^lW is tangent to the fibres of P^^r : ff — >• F, i.e. it is tangent to (the left factor 
of) '^NdX/Y in the interior of ff. Using the identification 

T^NdX/Y ^ ■n*'^NdX ®qx VdX (38) 

we have 

Proposition 3.6 Define the map : "^TX T'f'NdX/Y as the composition 

: '^TX — > '^TXIqx = ^NdX © VdX ^^—^^ T^NdX/Y. 
Then for Q e Qe e E) and W G r(<^TX) we have 

(a) NsiW o Q) = N^{W) o NsiQ). 

(b) iVff((xD - xX) o Qe) = Ns{D^ o Qe) = {N^{c^) o 7r*V^'<^) o Ns{Qe). ■ 

Recall that for two vector fields A,Be r{dX,^TX), the commutator [nA, vS] lies in 
'^NdX, but is not necessarily 0. However, the normal operator 

N^{D^) = (iV^(c^) o 7r*V^'<^) = D<^'^ + nc^ d.^Qx 

of -P(A) has the following special property 

Lemma 3.7 D*^'^ and nc^ o d anticommute over dX . 

Proof. First note that it follows from |1.5| (c) that for T tangent to the boundary 

[V^'*,n]=0 and [V^'^v] = 0. 

Using this, we can write 

[vc^7r*V^, nc^7r*V^] = (vc<^, nc^)[7r*V^, 7r*V^] + vc^tt^V^, nc^]7r*V^ 

-vc<^[7r*V^, nc^]7r*V^ + [vc^, nc^]7r*V^7r* 
= (vc,^, nc^)7r*F^ = 0, 

which proves the claim. ■ 

This Lemma will allow us to calculate solutions for N^{P{X)) by separating the horizontal 
and vertical variables. 
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3.4 Inversion at fF 

In this Section we use the normal operator defined in the previous Section to improve the 
error term obtained in Proposition P]3 at the front face ff. This means that we have to 
solve the equation 

iVff(P(A)Qi(A)) = N^{D'*')oN^(Q,(\)) = -NsiRoW) e v]/- (^iV9X, E), 

i.e. we have to invert the operator A^^(D'^) = (D*^'^ + nc^ d<t>^Qx) over 'I'NdX/Y . 

Clearly, sections in the null space of D"^'^ will be of special importance in this context. 
At each point y the null space of the operator D^'^\zy is given by 

ICy = nn\\{D'^^'')\z,cL\Zy,dvolz). 

From now on we assume that 

K = (null(D'^'^)lzJygy ^Y is a vector bundle over Y, (39) 

i.e. null(D'^'^) is the space of sections of the vector bundle IC ^ Y. Denote by ncllx 
the projections onto this null space and its orthogonal complement. At the boundary this 
gives us the decomposition into "zero modes" and "nonzero modes" 

C°°(9X, E) = UoC^idX, E) © Ii^C^{dX, E). 

Such decompositons also exist at the faces If, 0bf , ff and it follows from Lemma that 
N^iD'f') preserves this decomposition over ff. As explained in Appendix [A.6| it will be 
useful to consider spaces of polyhomogeneous, conormal sections whose top (in the sense 
defined there) coefficients lie in either part of the decomposition. A more refined index 
notation adapted to this situation is also described in Appendix |A.6 . 



The Dirac Operator on R"^ 

We start with the analysis of our model operator restricted to Ho, i.e. the (constant 
coefficient) Dirac operator on R": Denote by Qn the euclidean metric on R" and by dvoln 
the euclidean volume form. Let W be a Clifford module over R" with Clifford action 
c„ G r(TR"', End(W)) and trivial connection d. The Dirac operator is then D^i = c o d. 

Writing R for the tautological (or radial) vector field in TR" the fundamental solution 
for D„ is 



£^n = C„|-r"c„(R), or K(y) = C„5^r-Vc((^y^), 

i=i 

when one prefers the use of the standard euclidean coordinates y = (y^, . . . , y"), r = |y|, 
on R*^. Then 

D„E„ = (5 in C"°°(R'^, End(>V)). 

Our idea is to analyze the behavior of solutions for D„, by first looking at solutions 
for the conformally transformed Dirac operator Df, on the cylinder R_|_ x 5"""^. For this 
operator we can the use the known methods of the 6-calculus from ||Me3 1 . 
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Thus identify R" \ with R+ x S"'~^ and introduce the 6-metric Qb = r~'^gn- The 
corresponding 6-volume form is dvolb = r~" dvoln- It then follows again as in Appendix 
[A.2| that W is a Clifford module over R_|. x 5""^, with Clifford action C;, = rc„ and Dirac 
operator 

D, = ^(n-i)/2^D^^-(n-i)/2 ^ _ !^c^{ dr) . (40) 

This operator is 6-elliptic and selfadjoint on L^(R+ x 5"^^) and rD„ is a 6-elliptic, b- 
differential operator on R4. x 5"""^. We have 

L2(R", W; dvoQ = r-''/^L^{R+ x W; dvoQ = r-''/^Ll{R+ x W). 

The main result is now 

Lemma 3.8 The operator rD^, a ■ r'^H^+^R^ x 5"^-\>V) ^ r"Hl;{R+ x 5"-\>V) is 
invertible if a ^ Z. More exactly the extended set of indicial roots is iNU— z((r2 — 1)— N), 
especially the indicial roots are all simple. 

Proof. First, we know from the general 6-calculus that the operator D;,q, is invertible 
except if ia is an indicial root, where it has a null space in the "extended L^-sense". Since 
D{,|r=o anticommutes with Cb(— ), one easily finds that the set of indicial roots specj(Db) 
is invariant under multiplication with —1. Also it follows immediately from (|^ ) that 
speCj(rD„) = — + specj-(Db). It therefore suffices to show that 

{z G specj(rD„) | Im(z) > — (n — 1)} = —i{n — 1) U zN. 

This is easy. Let G null_(rD„ a) C r"L°°(R+ x 5"^^). If a > —n then the distribution 
Ua becomes integrable in w.r.t. dvoln and extends to a distribution (also denoted Ua) 
on R". This distribution fulfills 

DnUa = 6w, i.e. Dn{Ua- En{w)) = Q 

in all of R" for some w G W. By elliptic regularity, we can conclude that — Eniw) is 
in C°°(R", W), from which the claim follows. ■ 

This result can be used to solve D.„m = / for / with compact support in R"'. First, if 
/ G C~(R+ X W) we also have rf G C^{R+ x W). Choosing a ^ Z set 

Ma = (rD„,„)-V/ G r"i7r(R+ x W). 

Then the usual results for elliptic 6-pseudodifferential operators imply that has expan- 
sions at r = and 1/r = of the form 

Ua ~ aj{uo)r^ for r — 

Ua ~ hj{uj)pP for p = r~"^ ^ 0. 

Z9j>-a 
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If we choose a > — n, the distribution Ua again extends to a distribution on R". Writing 
B" := RC(R") for the radial compactification of R", we have shown the more precise 
statement 

n„-E„H Gp"-iC°°(B",W). 

Of course, due to the translational invariance of the problem, this argument works for any 
/ G C^(R", W) by first shifting the support of / away from 0. We now show 

Lemma 3.9 (a) D„ : p"i^fe°°(B", W) ^ p"+^i/fe°°(B", W). 

(b) For any f G ^^(B", W) there exists a 

u G ^^(B", W), f/ = (n - 1 + N) U ((Z>fDF) - 1), 

which solves D„u = /. 

Proof. Choose a cutoff function ip G C^(B"). Then, the compactly supported section 
(pf, as treated above, is responsible for the term n — 1 + N in the index set U. 

Choosing a noninteger a < F we know that {1 — ip)f & p"if^(R+ x S"'^'^, W), and by 
Lemma H there is Va G p''-^H^{R+ x S''~\W) satisfying D„t;„ = (1 - ip)f . By the 
general theory of 6-pseudodifferential operators (compare [[Me3|| , Chapter 5) 

VaeA^{R+xS''-\W), G(r = 0) = < J G Z}, G(p = 0) = (FD{« < j G Z})-L 

Now, choosing another cutoff function rj G C^(B") with {1 — ri){l — ip) = 1 — ip, we can 
write 

D„(l - T])Va = (1 - V)^nVa - c( dr])Va = (1 - f - c( dr])Va. 

But c( drj) is compactly supported and can therefore be treated as in the first part. ■ 

We have solved the model problem in the zero-modes at ff. The model problem in the 
nonzero-modes is easy. Noting that 

^s~u^'^C^^^^, E) = A^iRCi'f'NdX Xy dX), CB^) = ^^(ff, CB^) 

we get 

Lemma 3.10 (Solution of the Model Problem at ff) 

(a) For every G Ho^^-'f '^(<^A^9X, there exists 

Uo G Uo^:^'^{^NdX, E), U = {h + N)U ((FDZ>p) - 1), 
which solves Ns{D^)uo = fo- 

(b) For every f± G U^'^^^^'^i^NdX, E) there exists an u± G U±^;^^'^-\^NdX, E) 
which solves Nf[{D'^)u± = f±. 

Proof. First, note that iVff(D'''') restricted to no-f^^(ff, CB,^) is just the family of (constant 
coefficient) fibre Dirac operators given by nc^ o on '^NdX Xy dX/F^. Hence (a) follows 
by applying Lemma fibre by fibre. ■ 



Using Lemma and the fact that Ns{P{X)) = Nff{D't') it is now straightforward to 
prove the following refinement of Proposition |3.3| 
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Proposition 3.11 There are holomorphic families 

X^Q^{\)e^-^'''iX,E), and A ^ <(A) G vI/-°°'^(X, E), 
such that such that 

P(A)gf(A) = l+<(A), 
and with index sets £, T given by 

F^M = {h + l + N)°^, Fff = iV + N 

E^M = {{{h, 0),...,ih,N- 1))°, ih+l + N)^^) = [o]{h + Nf ^, Es = N, 
(all other index sets are oo). 

Note that the special case N = 1 will suffice for the construction of the resolvent! 

Proof. For purposes of notational simplicity we are going to ignore coefficients. From the 
symbolic construction, we have holomorphic families 

A Qo(A) G vl/-ii(X), A i?o(A) G vI/--(X), with P(A)Qo(A) = 1 + i?o(A). 

Setting S{\) = —Ro{X), we want to solve 

P(A)G(A) = ^(A) 

holomorphically in A to order N at ff . For this, we write G{X) and >S'(A) in a (finite) Taylor 
series (sum): 

G(A) = Go(A) + x'Gi(A) + (x')'G2(A) + . . . + (x')'^-'Gjv-i(A), 

^(A) = SoiX) + x'SiiX) + ix'fS2iX) + ... + (x'fSN^iiX) + (x')^^jv(A), 
and the maps 

A ^ ^.(A) G ^;°°'^^(X) and A 5, (A) G %""''^'{X) 
are holomorphic. As part of the proof we will show that 

Ijfi = 0, Ij,^M =[o]{h-j + N)^^+i , J,- ff = 0, J,, ^bf = {h-j + l + Nf^. 
In the first step, we have to solve 

iVff(5'o(A)) = iVff(P(A)G'o(A)) = iVff(D'^)iVff(Go(A)). 

Write So(A) for A^ff(5'o(A)). It is a holomorphic family A t-^ So(A) EC°°{S). By Lemma 
3.10| , we can find a holomorphic family 

A ^ 9oiX) = g,iX)^ + goiXy G ^"^(ff) + no^^+N(ff), iVg (D^)^7o(A) = So(A), 

which can be extended to a holomorphic family 

A ^ G'o(A) G /o,bf = {{h, 0)°, /i + 1 + N), NsiD^GoiX) - So(A)) = 0. 
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Thus, we have shown the case j = 0. 

Assuming inductively that the equation has been solved up to order j, with index sets 
as indicated, we set 

5,+i(A) = (x')-^(P(A)G,(A)-S,(A)). 

Since P(A)Gj(A) has index set {h + l-j + 'Nf^+^ and Sj{X) has index set (/i-j + l + Np 
at bf, the index set for Sj+i{\) is just J'j. Now, the equation 

Ns{D^G,+^i\)-S,+,i\)) = 

can be solved holomorphically in A by Lemma |3.10| and Gj+i has index set Ij+i- Setting 
(A) = Qo(A) + G(A) and i?f (A) = (a;')^57v(A) yields the result. ■ 

For reference in the next Sections we note the case = 1 as a Corollary. Set Qi{X) = 
x'Q\{X) and i?i(A) = ^RUX): 

Corollary 3.12 DxQi{X) = 1 + Ri{X) with holomorphic families 

A ^ R^{X) G *^'^(X, E), F^^, = {h + 1 + N), = 1 + N 

A ^ Qi{X) G %'''{X, E), E^u = [o](/i + 1 + N), Eff = 1 + N, 
the other terms in the index sets are oo. ■ 

Thus, we have solved the resolvent equation (^) up to a remainder term, which is C°° in 
the interior and which vanishes to first order at the front face. Unfortunately, by Section 
|2.2| , this new remainder is still not compact, since it does not vanish to positive order at 
0bf (w.r.t. to the coefficients CBf,, which are the relevant ones at that face). Thus the 
next two Sections will describe how to improve the remainder at 0bf . 

3.5 Reduced Normal Operators at bf and 0bf 

In this Section we define the normal operator at the face 0bf and describe the model 
action of the Dirac operator D at this face. Recall the relation between the h- and the 
^-coefficient bundles: CBj, = [x')^^^C^^. The normal operators at (phi and bf are defined 
by 

Definition 3.13 LetS, T he index sets for and respectively, with Erpu = /i+l + N 
and Fbf = N. 

(a) A^bf : %^'^iX, E) ^(^«'^^f)(bf , CB^) A ^ A|m,cb, 

(b) AT^M : ^) ^(^"'^'"^«)(0bf , CB,) A ^ A^M.CB, ■ 
The corresponding exact sequences are 

— ^ pbf^fe""'^(X, E) %°"'^iX, E) ^ ^(^'f'^rf)(bf, CB;,) — > 
p^u%^''{X, E) VI/ , -'^(X, E) ^ ^(^«'^-^«)(0bf, CB,) 0. 
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Note also, that whenever Eff = oo we have 

and the normal map N^]^f, restricted to the LHS, then equals iVbf. We will not try to 
describe the general behavior of the above sequences under composition of operators. 
Instead we will restrict ourselves to the analysis of the normal action of the Dirac operator 
D, which will be sufficient for our purposes. 

Recall that the Dirac operator D does not map calculi of the above type to themselves, 
since its lift to or X? is not tangent to bf or </)bf . From Appendix |A.6| we know that 



. ^-oo.iEriM^iiM^M) J^^ ^ ^-oo,(£;ri,-Eif,Nbt)^^ j^-^ 

i.e. D;^ maps nicely, when we restrict to conormal distributions with top cofficients in the 
zero modes at If and 0bf. This allows to define the normal action Xbf(DA) on the sections 
of /C over bf (resp. N^hf{Dx) on (phi), defined as usual by 

iVbf (DA)iVbf(A) = noiVM(D,A), for A G ^,-°°(X, E), N^M) e /C. 

The Model Operator at bf 

Let us describe the action of Xbf(DA) at bf. First, identify bf — rf with the fibre bundle 

Pb,L :dXxdXx [0, oo[,-. dX, s = x/x', I^Ir^^X) = '^]fib(/5b,L). 
Thus, writing B = Y x [0, oo[, the space of sections in the null space of D*^'^ over bf is 

noC°°(bf, CBfc) = C^{dX, /C ® ^^{B))), 

and iVbf(DA) acts as the operator on 

C^iB, /C ® 'niB)) = noC°°(9X x R+, Eqx), (41) 
constant in the parameter space dX, given by fixing coefficients at the boundary 

h{Dx) := IloD,U,^TX = [Ho^D^ + ^c^(^) - X\\dx,^TX. (42) 

This definition is much less innocent than it looks at first sight. The expression actually 
may involve hidden endomorphisms originating from vertical differentiations compressed 
to /C. We therefore prefer another way to define this "indicial operator": 

Lemma 3.14 (a) Let ^ e C°°{X,Ey, i.e. DaC G C°°(X,E). Then 
is well defined and only depends on ^\qx G YioC'^i^dX, E) . 
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(b) The family 

z ^ /b(DA)(z)(e|ax) := no(a;-^^DAa;*^e|ax) e T^m\Y,lC), 

is well defined (i.e. independent of the choice of extension^ ofC,\dx) one? holomorphic 
in z. 

(c) /fe(DA)(z) = Mx^zh^\)Mz^x, where M denotes the Mellin transform (see ^^). 

(d) Let ^ G C'^{X,E) such that e C^{X,E). Then 

Ii.{p\i)\ax = [h{^x)]\i\ax). 

Moreover any ^\qx can he extended to ^ such that {D\^)\qx = [Ib{^\)Wi\dx)- 

Proof. In (a) and (b), only the independence of the extension of ^\dx might be worth a 
httle thought. It follows from the fact, that for rj G C°^(X, E) we have 

dx 

no(DAX?7)|ax = no(xDA?7 + xcd{ — )r])\dx = Ilo{xD'r])\Qx = 0. 

X 

Thus, the expression defining Ify{Dx){^\Qx) vanishes for the difference of two extensions of 
^\dx- 

Part (d) is proved by induction. We have proved the case / = 1 in (a), now assume that 

UoD[-'^\ax = [hiD,)r\^\9x). 

Then starting with ^ such that D^^ G C°°(X, E) means that we have D^"^^ G C°°{X, E)°. 
Therefore, 

HoDleiax = UoD{D[-'0\ox = h{Dx)[h{Dx)t\^\9x), 
by (a) and the hypothesis of the induction. ■ 

Geometrical Description of the Indicial Operator 

Let us take the time to describe the geometry underlying our definition of the indicial 
family Ib{D){z). This will not be strictly necessary for the analysis of the model problem 
at 0bf and bf , but gives some insight in the specialties of "</)-geometry" . Recall that bwe 
write u = ^X^. Then, starting with ^\qx G TiY,IC) and an extension,^ G C°°{X,E)°, we 
can use Lemma p.l4| to get at the boundary 

h{D){tzm9x) = U,{x'Dx-'^\9x) = -{z + t;/2)noCrf(— )e + HoD'^^ 

X 

dx 

= -(^ + t;/2)noCd(— )e + noVf'''xD'^e 

= -(;^ + t;/2)noC,(^)e + noC,(xF^'V,-))e-noCdVj;',^e (43) 
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In the last step we have used that noa:D'^V^''^^|ax = 0, the definition of the curvature 
jpE,d thai A — xV^z/ = — xV^z/. Note that we are only referring to the "d- 

structure" of the bundle E in this calculation. It is therefore valid for any Dirac operator 
D. It now follows from Lemma [TTll that V^z/ e ^TX for W e T{^TX), and 

V^z/ = -h^A- ^(A)Xrf + 0(x)'TX, for A e T{['^NdX]). 

Also, using the special extension described in Lemma p. .81 , we find that W i— > is a 

well defined tensor in C°°{dX, V*dX ® '^TX), independent of the vector field used in the 
definition of the extension (which therefore could be different from z/). Writing 

2{%u,V)^ = iL,g^)iW,V), V,WE TiVdX), (44) 

we see that this describes yet another aspect of the deviation of g^p from a product metric 
near the boundary. 

Since the Clifford action Cd is parallel w.r.t. V^''' we can use the special extension 
introduced in Section and decompose 

Cd = nc^ + vc^, Vf ''^nc^ = Vf ■'^vc^ = 0. 

Plugging this into (^31) we get 

hm^z)^ = Ho (^-{z + v/2)ca{^)i + (nc^)V^''^e + Crf(xF^''^(z/, ■))^ - yc^V^'J.^dj ■ 

Thus /^(D) is a 6-differential operator on the vector bundle K, ^ B pulled back from 
y to -B = y X R+. As explained, the last summand is an additional endomorphism 
stemming from the fact that we are looking at a situation where the metric is not a 
product 0-metric. Let us now analyze the curvature term in the formula. Of course, this 
term depends on the choice of Clifford bundle E, but we can always look at the general 
decomposition 

F'^'^iu, A) = ^c,{R\u, A)) + F^/'^'^u, A). 

The contribution coming from the first summand can then be further analyzed using 
Proposition |1.14| : 

^Cd,lCd(xi?'^(z/, -l)) = ^(xCd,Crf,Cd)(i?'^(z/, ■)■, ■)d 

= ^(vcrf,vcd,vcrf)(x/?'^(z/, ■)■, ■)d+ ^(vcd, nCd,vCd){Sd{-)-, ■)d(45) 
Using the symmetries of the curvature tensor and the description of given in Lemma 



1.13| , the reader can check that (^51) can be written as 



1 u ddC 1 X 

-vCd(Ric'^'^(Xd, ■)) + 2^d{—) + -nCd(tr(S'Af)) + -{nCd,yCd,yCd){xB^{- ,cdot), ■)d. 

For A G ^TX we have used the notation 

Ric'^'^(Xrf,A) = {ygd)~l,{R\Xd.-a)-a'.A)d 
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for the "vertical" Ricci curvature and SM{-)nA G End(\^9X) is the second fundamental 
form of the boundary fibration. Definition |1.12| can be used to check that all these terms 
are in C°°(9X, End(E)). 

To be able to interpret this formula, we need to note some more of the geometrical 
data of this construction: 

• gB,h is the metric on ^TB given by (-^)^ + gB\x=o- 

• The Levi Civita connection V^'^ : T{''TB) T{T*B ® ^T5) is the connection 
induced by the connection V'' : r(0*''TS) T{(j)*''TB ® T*Y) over the boundary 
(see also Lemma |1.13| ). Here, elements of TY act on T{(f)*^TB) via their horizontal 



lift to TX 

• CB,b G Ti^TB® End(/C)) is the (R+-invariant) Clifford action induced by Ilohcdlax 
on K (Here we use p^y^ ncd] = at the boundary). 

• The grading operators e = e4.j',x and = ebj..^ induce gradings on /C. 

• The hermitian metric (■, is the L^-metric: (^,?7)k: = (P*{{(,,v)e dvolz)- 

• For A G C°°(r, End(/C)): 

tiKiA) = [ tiEiA) dvolz = M^^e{A) dvolz] G C°°(r) 

JdX/Y 

• is the pullback to B of the compressed connection HoV^''' over Y. Here again, 
elements of TY act via their horizontal lift to TX 

In this context the usual problem about the non-unitarity of the compressed connection 
V'^ arises: For T G T{TB) denote by 0*T G T{H{dX x R+)) the horizontal lift of T. 
Then 

T ■ {i,ri)tc = T ■ (j)^[{^,r])E dvolz] 

= 4>*[C^6*T^yV)E dvolz] + M{^^'^6*tV)e dvolz] + (f)4{^,r])Ei'{(f)*T) d dvolz]. 



The last summand in this expression (compare Appendix [A.3| or ||BGV|| Chapter 9) is just 

-(p^[tT{-SM{-)T){^,r])E dvolz] 
and the unitary (Clifford-) connection on /C is given by 

V^e:= V^e + ^Ho tr(-SM(-)m 
We can summarize our results as follows: 
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Proposition 3.15 In terms of the connection the indicial operator ofD has the form 

+Uo vc,(F^/^''='(X,, ■)) + ^vc,(Ric'^'^(Xrf, ■)) + ]{nc,,yc,,yc,){xB^{;cdot), ■)d-yc-,V% 

This is an odd operator w.r.t. e. It is also odd w.r.t. eb whenever h + 1 is even. Recall 
that the last summand is an endomorphism on K. ■ 

Especially, this Proposition shows that in general /^(D) is not the induced Dirac operator 
on /C! However, the last three summands on the RHS vanish when the metric g^p is a 
product 0-metric. Also, if X is spin and E = S{X)®E', we have F^^^''^{u, ■) = ''^{v. 
which vanishes whenever the twisting bundle E' has product structure near dX. 



Inverting the Indicial Family 

We now want to analyze the structure of the indicial family Iij{D\){z) in more detail. 
We emphasize that we make no assumption on the parity of the dimension of the base 
space Y at this stage. The operator /f,(D) can be written as 

d X n 

/,(D) := Dy + Cd(— )x— with Dy(^lox) = h{mm\c)x) = no(DO|ax. 
Proposition |3.15| , or the calculation 

[\^^U—)]\ax = (c,[V^'',c,{—)] + [c,,c,{—)]V'^A\ax 

= icd,Cd)ygdi-r)\dx -2\/^f\ax = -v, 

show that Dy anticommutes with cr = Cd(-^). Also, Dy is selfadjoint with purely discrete 
spectrum. This implies that for any eigenvalue a of Dy the negative —a is also an eigenvalue 
and the corresponding eigenspaces are intertwined by cr. Denote by P(±a) the projector 
onto the eigenspaces for ±a. These are invariant subspaces for the indicial family Ii,{Dx){z) 
and for a 7^ we get the matrix representation 



Pi±a)hiDx)iz) ^ 



a — X —iz 
iz —a — X 



w.r.t. a basis of eigenvectors of Dy of the form (?/>, cr?/?). The inverse, whenever it exists, 
has the form 

_i A 1 f —a — X iz 



In the case a = we have 



P{Q)h{Dx){z) = iza- - A, P(0)/,(D,(z))-i = -{iza + A). (47) 
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Thus, writing spec(Dy) for the (necessarily symmetric) set of eigenvalues of Dy, we find 
the following description of the set of indicial roots, i.e. those points z, where /^(Da) is 
not invertible: 



spec^(/b(DA)(z)) = { ± -^A2 - c|| Cj G spec(Dy)}. 

Formula (^ , ^71) shows that these indicial roots are all simple (i.e. the corresponding poles 
are ) , as long as A is not an eigenvalue of Dy. Also, for A = the indicial root in (which 
exists if is an eigenvalue of Dy) is always simple. If A is a nonzero eigenvalue of Dy, 
then is an indicial root of order two. 

The Model Operator at </)bf 

Having analyzed the behavior of the model operator on the fibres of the face bf , let us 
now briefly describe the situation at the face 0bf = bf — F^. As usual, this face is a fibre 
bundle ^ 

0bf = dXxdXx [-1, 1], -F^^-^dX, a ^ " ^ 



X + x' 

In this compactified picture, the fibre over a point p G dX is the manifold dX x [—1, l]^- — 
(Z0(p) X {0}) with boundaries 

rf n0bf|p^(9X X {!}, If n0bf|p^9A: X {-!}, Ef}(t)U\p^ S^NdX\z^^^^, 

and the model operator N^uiDx) on the fibres is just the restriction of A''bf(DA) to this 
space. More concretely 

Lemma 3.16 Fix a p E dX and set 

Bp=[Yx [0, oo[,; {(t){p)} X {s = 1}], s = x/x'. 

By restriction, the function pg gives a defining function for the face ff in Bp obtained by 
the blow up of {4>{p)} x {s = 1} in Bp. Then 

(a) A^<^bf(DA) is the operator I ^{D) restricted to /C over Bp 

(b) pff/{,(D) is a b- elliptic operator on Bp. 

(c) The extended set of indicial roots at ff of the operator pgIb{D\) is given by 

specj{Is{psh{Dx)){z))=tNU-t{{n-l)-N) C Z. 

Proof. This Lemma is a special case of a similar statement for elliptic operators on a 
compact manifold minus a point. An instance of this was presented in Lemma |3l^ and we 
use this result for the proof of (c). Write x = ps ■ p^bf around ff and consider the little 
calculation 

= PffC^(^) ff = c^(^ — )H c^{^-)\s, I.e. -c^( dpff) ff = -c^( ^' 

Pm P0bf Pff X 
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This allows us to calculate the indicial family at ff n (j)hi as 

1 

hiPsh{Dx)){-iz) = pg^^^ /6(DA)Pff|(frn9ibf)^(p) = Ps h{Dx)\{sn<t>M)^^^^ + -c</,( (ipfr) |(frn9ibf)^(p) 

dp 1 
= Pff Vf(DA)|(<)!.bfnff)^(p) - z ■ C0(— 2 — )|(frn</ibf)^(j,) = P^bf- — D'^P^m I(ffn0bf)^(j,), 

P(/)bf P</'bf 

which is just the indicial family whose roots were calculated to be zN U —i{{n — 1) — N) 
in Lemma 13.81. ■ 



3.6 Inversion at 0bf 



In Corollary |3.12| we have constructed the resolvent up to an error term Ri, which does 
not exhibit decay at the face 0bf. In this Section we want to improve this error at the 
face 0bf. To do this, we first remove the Taylor series of Ri\^hf at the face ff obtaining a 
remainder lying in the "zero modes" over the blown down face bf . This term can then be 
removed using the inversion of /^(D — A) described in the last Section. 

Proposition 3.17 (Reduction to bf) 

The equality (D — X)Q2{X) = 1 + RtW + holds for holomorphic families 

A ^ Rt{X)e%'^'^^'\x,E), F(A)ff = (l + N)D(rTN), F(A)^m = + 2 + N 
A ^ R',{X)e%'^''^'\x,E), G(A)m = [o]N 

A ^ Qt{\)e%'''^'\x,E), E(A)^M = [o](/i + l + N), E(A)ff = (l + N)D(2TN), 
all other index sets equal 00. 

Proof. In this proof, we will uniformly assume that the coefficient bundle is CBf, and 
drop it from our notation. Then 

s(A) = i?i(A)|<^M G ^''(^bf), Hft = -h + N, H,, = H,, = 00. 

In order to reduce s°(A) to an error term on the face bf, we have to solve away its 
expansion at ff. Since by Lemma |3.16| the indicial roots of pfj/^bf (D — A) are just iZ, the 



theory of elliptic 6-differential operators (see Lemma 5.44 in ||Me3|| , or Lemma p.20| below 
for a similar statement) tells us that the equation 

Vf(D-A)/(A)-s°(A)=^i°(A) 
for the zero-mode part can be solved with 

g°{X) e no^^(0bf), Is = {-h + l + N)D(-/i +T+ N), lu = U = 00, 
and u°(A) G Ho C'°°(0bf) C Ho ^"^(bf). 
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Extend g° and u° to kernels ^"(A) and f/°(A) on X^. All this can be done holomorphically 
in A. Noting that 

G%X)eA^{Xl), /ff = (l-/i + N)D(l^I+N), Vf = [o]N, = /if = oo, 
we get, using Lemma |A.17| , 



r(A) := (D-A)G°(A)-S(A)-f/°(A) e A^{X), .h = (1+N)D(1 + N), J^m = [±](/i+l+N). 

It remains to solve away t{X), the restriction of T(A) to (phi. To do this, just define 
G^(A) to be x' times the extension of (D<^'^)-H(A) to X^. Then, setting 

Q^(A):=gi(A)+G°(A)+G^(A), i?^(A) = f/°(A), i?^(A) = (D - A)G^(A) - T(A) 
proves the claim. ■ 

Meromorphic Solution at bf 

For the formulation of the next Proposition, recall that the indicial roots of the operator 



/;,(□ — A) were given by A^ — , where the Cj denote the eigenvalues of Dy. We have 
agreed implicitly to read this as ±A if Cj = 0. For Im(A) > 0, a G R — {0} we have 

VA^ — = VA — ay/ A + a. 

This can be continued to a meromorphic function on the Riemann surface — > C, 
defined as the minimal branched covering of C with that property, with poles only at the 
branching points ±a. 

Denote by S — C the (infinite) branched covering over C, onto which all the functions 
y^A^ — c| can be continued to be meromorphic, with poles only at the branching points. 
This means that S has branching points over ±Cj ^ around which it is uniformized by 
the functions a/ A =F Cj • We emphasize that is not a branching point of this covering. We 
will denote points over A G C by A G S and write Oj{A) for the function on S, obtained 



by continuation of Oj{\) = — A^ — c| from Im(A) > 0. Note that on Im(A) > the 

function 6j{X) has positive real part. 

More concretely, introduce the physical domain PD as that part of the preimage of the 
upper half plane {A| Im(A) > 0} in S in which 6j{A) = Oj{X) or, equivalently, where all 
Oj{A) have positive real part. Define the set 0(A) as the smallest C°°-index set containing 
{6j{A)\j G N). This is a generating set for 0(A) and a minimal such away from accidental 
multiplicities, i.e. in the sense of Appendix [A.6| : 

lead(0(A)) = {ej{A)\j G N), if OjiA) ^ ^^(A) + N for j ^ k. 

Let us note some important properties of these index sets as a 

Lemma 3.18 (a) < Re{9j{A)) < Re(^fc(A)) for AePBJ <k 



(b) %(-r) = Ojir) ( = -Ojir) zf \r\ > cj) forr eR = dFD 
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(c) The set of accidental multiplicities C E zs discrete and M. fl PD C ijO, oo[ 
Proof. An accidental multiplicity in PD is a point A with Im(A) > such that 



— i V — = — A^ — 6^ + m, 

with a, h positive eigenvalues of Dy and m G Z. This can be rewritten as 

{2m\f = [{h + mf - a\a^ - (6 - m)\ 

from which the assertion in (c) immediately follows. ■ 
We can now formulate the next step in the construction of the resolvent 

Proposition 3.19 The equation (D - A)Q|(A) = -Rl{^) + R\{A) can he solved with 

Ql{A) e %'^''iX,E), E(A)if = [o]0(A), E(A)rf = e(A), E(A)m = [o]N, 
RliA) e %^'^iX,E), F(A)if = l + e(A), F(A)rf = e(A),F(A)M = l + N. 

The maps 

S D 5^/^(0) 9 A ^ g^(A) G vl/r'^''"'"'''"''^(^,^), 
S D 5^/^(0) 9 A ^ i?^(A) G vI/--'(^-'-«'-«)(X,E) 

into the calculus with bounds are meromorphic with poles only at the branching points of 
S. 

Proof. We remind the reader that we will be working with the coefficient bundle CB;,. 
Assume for the moment that Im(A) > 0, i.e. /^(D — A) does not have any real indicial 
roots. Also assume for simplicity that A is not an accidental multiplicity i.e. Oj{X) ^ 0k{X) 
for j k. Since 

v°{X) ■.= -Rl{X)\ueUoC°°{U), 
we can solve /bf(D — \)g°{\) = — ?;°(A) with 

g°i\) G no^^(bf), Gu = e(A), Grf = 0(A). 

We can extend g°{X) to in such a way that all the leading coefficients of lead(6(A)) 
at If are in the zero modes and independent of x' close to bf . This gives an element 

G°i\)eA^iX^), Hu=[o]Q{\), i7rf = e(A), Hm = -N. 

This operator can be used to solve away the error term R2{^)- By Lemma [A.17| we have 



-T(A) := (D - A)G°(A) - i?^(A) G A^iX^), hi = [±]N, h = We(A), U = e(A), 

where the form of /if is due to our special choice of extension. We are left with the problem 
of solving away an error perpendicular to the zero-modes. 



3.6 Inversion at (j)bf 
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This is done as usual by extending (D''^'^)~^T(A)|bf, to such that the coefficients 
associated to [±]lead(G(A))at If are just (D*^'^)"^ apphed to the corresponding coefficients 
of T(A) at If. Define G^{X) to be x times this extension, thus 

G^{X)eA^{X^), Jif = [±]0(A) + 1, Jrf = e(A), Jm = [±](1 + N). 

With Lemma |A.17| it is now easy to see that, setting Q^i^X) = G°{X) + G^{X), we have 

i?^(A) = (D - A)Q^(A) - i?^(A) = (D - A)G^(A) - T(A), 

with index sets as indicated in the Proposition. 

To prove the claimed meromorphy, a more careful analysis of the term g°{X) above is 
needed. Using s = x/x', recall that since v° G IIo C*°^(bf), the Mellin transform 

M{v°){z) = / s''v°{s)— (48) 
Jo -5 

is holomorphic and (still assuming Im(A) > 0) we have 

-9°iX)is) = /m(D - X)-\''iX)is) = ^ [ s-'^hiiD - X)iz)-'Miv°)iz) dz (49) 



27r 



Im(2)=0 



The inverse of the indicial family has the form (46, ^). The integral thus is well defined 



as long as A stays away from the real axis. When |A| < R/\^ approaches the real axis 
from Im(A) > 0, only the eigenvalues smaller than R/ ^J2 contribute a singularity. Denote 
by Ci, . . . , Cat the eigenvalues of Dy which are smaller than a given L > 2R. Writing P{cj) 
and P(> L) for the projections onto the corresponding eigenspaces of Dy, we get the 
decomposition 

h{D-X)iz)-' = Pi>L)h{D-X){z)-' + P{0)—^{iza + X) 

z'^ — A^ 

The ffist term in this decomposition is uniformly bounded in z and has no poles in 
the strip —L/2 < \m.{z) < L/2. Since the term M{y°){z) is rapidly decreasing at real 
infinity, performing the integral in (^91) for this part yields a section in ^^^/^'^/^•*(bf), 
which depends holomorphically on |A| < R/\/2. 

Plugged into (|49|), the summands of the third term yield integrals of the form 



For small s this can be evaluated by shifting contours to Im(2;) ^ 0. From the residue 
theorem (using the same method for the term stemming from the 0-eigenvalue) we get an 
expansion for g°{X){s) of the form 



Ao{X)s-^^ + ^.(^)^ + OKis"^"). (51) 
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Here, the coefficients Aj are holomorphic with values in the ±Cj-eigenspaces of Dy. The 
expansion for 1/s ^ can be similarly obtained by shifting contours to lm{z) S> 0. 



The expression (^) is meromorphic in the sense of being an expansion with meomorphic 
coefficients. Its extension to is still meromorphic in this strong sense, i.e. as an element 
m 

^-oo,f(A)^^^^ as long as we stay away from accidental multiplicities. Away from these 
points, the extensions of the leading coefficients Aj of the expansion can (be clearly 
distinguished and therefore) still be chosen to lie in the ±Cj-eigenspaces of Dy. 

Around points of accidental multiplicity, the extension of ( |5TD is still meromorphic in 
the weaker sense claimed in the Proposition. ■ 

Removal of the Remainder at If 

The next step in the parametrix construction is to solve away the error terms at the 
left face If. The approach to this problem is based on the following Lemma: 

Lemma 3.20 For any family of sections /(A) G A^'^'^'^^^X , E) there is a family m(A) G 
such that (D - A)m(A) - /(A) eC °°{X,E). The construction gives a 
meromorphic map 

S 3 5r/v^(0) n(A) G ^"^(X, E), 

whenever /(A) is meromorphic in that sense. 



Proof. This Lemma is a variation of Lemma 5.44 in |[Me3|] , with an easier proof. Again, 
we ffist assume that Im(A) > 0. We have to show how to solve for a section / of the form 
/ = x^^^'^^^"^g{\), with g{\) meromorphic in the C°°-sections over X and m G N+. As 
usual, decompose g = g° + g^ with g° G C°°(X, E)° and g^ G C°°(X, E)^. Starting with 
g°, we can just set 

«°(A) = W+"^J,(D - A)(^(^^,(A) + m))- V(A), (52) 



which, according to (|46| , ^), continues to be meromorphic with extra poles arising only 
at points of accidental multiplicity. 

Ansatz (|52D solves our problem to ffist order in the zero modes: 

(D - A)m°(A) - x'^^^'>+"'g{X) = x'^^^^+'^voiX)^. 

Again, solving for x^^^'*'^~^"^Vq{X)-^ is easy. Just set 

This solves the problem to ffist order. Iteration of this procedure finishes the proof. ■ 

The obvious parametrized modification of this Lemma can now be used to get rid of 
the expansion of the error -R|(A) at the left boundary of 

Proposition 3.21 The equation D\Ql{A) = —Rl{A) + RKA) can be solved with 

Rl{A) G %'^^^{X,E), F(A)rf = e(A), F(A)if = oo, F(A)m = 1 + N, 
QliA) G ^-°°'^(X,E), E(A)if = l + e(A), E(A)rf = oo, E(A)m = 1 + N. 



3. 7 End of the Construction 
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The maps 

are meromorphic. 



Remark 3.22 Note that, eventhough A = might be a point of accidental multiphcity, 
the coefficient of the highest power in the expansions of Q^iA) and Q\{A), will be 



meromorphic near 0. We will use this fact in Section p.8| , but we abstain from introducing 
even more specialized notation for this. 

3.7 End of the Construction 

So far, we have found a parametrix of the type 

(D- A)g(A) =/ + i?(A), where 

Q(A) := QtiX) + QtiA) + Ql{A), R{A) := i?^(A) + RI{A) 

have the properties described in the above series of Propositions - in a loose sense, we 
have obtained a remainder term R, which vanishes to first order at the faces ff , (phi and 



to infinite order at If. From the composition formula in Theorem |2.11| its powers are of 
the form 

R^ e%'^'''{X,E), Ej^fi>j-e, Ej^^M>h + l+j-e, ^,,if = oo. 

The e is used to take care of the "log's" which appear at the face ff . The expansion of R^ 
at the right face does not improve with increasing j, but becomes eventually constant in 
any fixed compact range of powers. Thus, the Neumann series for {I + R)~^ makes sense 
as the asymptotic sum 

oo 

(l + /?)"l = ^(-i?)'= = l + ^ 

fc=0 

at the faces If, 0bf, and ff , and setting 

Qsm(A) = Q(A)(1 + R)-' = Q(A) + Q(A)^(A) =: Q(A) + Q{A) 

we get 

DAQsm(A) = 1 + i?sm(A), R^A) = "i?°°(A)" 

To easily describe the index sets for these operators, we allow for a little sloppiness in 
the notation: Given an index set !F, denote by 

TJ" := J'|[inf(;c-)_inf(;c-)+i[ (53) 
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the finite index set which coincides with to first order. Also, we will write down the 
index set at ff w.r.t. the 0-density, and those at the faces (pM, If and rf w.r.t. the 6-density, 
in order to avoid the notorious term "/i + 1" . Then 

R e E), = oo, TG^ufi = {(1, 0)}, TG,,,, = TQ{A), 

TGff,^ = {(l,0),(l,l)} 
Rsm e E), TH,f,b = Te(A), THu,b = oo 

Q e %''\X,E), = [o]e(A), T<iVf,fe = [o]r<i(0(A) + 0(A)), 

T/rf,, = re(A), T<iJff,^ = [o]r<i(0(A) + 0(a)) 

Qsm e ^;^'^(X,E), Ju,b = [o]0(A), T<iJ^M,fc = HT<i({0} U 0(A) + 0(A)), 

TJrf,6 = T0(A), T<i Jff,^ = [o]T<i(0(A) + 0(A)) (54) 

Also, to first order, the expansion of i?sm(A) at the right face is of type (|5TD with s replaced 
by s~^. 

The removal of this smoothing remainder is now standard. Since, for instance, 

RU7):Ll{X,E) -^c'^{X,E), 

the kernel of the projection M onto the null space of 1 + Rsm{i) hes in C °° {X"^ , CBh) . 
Setting Qinv(A) = Qsm (A) + M yields 

(D - A)gi„.(A) = 1 + i?,„,(A) + (D - A)M = 1 + R,^,{A), 

where the new remainder R^^^ has the same expansions as -Rsm- Therefore the remainder 
is a compact family (compare Corollary p.6| ) of the form: 

i?inv : S C i?^/^(0) lC{x^Ll{X,E)). 

Since 1 + i?inv(0 invertible by construction we infer from analytic Fredholm theory that 
the inverse of 1 + i?inv(A) is a meromorphic family of the same type: 

Proposition 3.23 The inverse (1 + i?inv(A))~"^ is of the form 1 + S'(A), where 

S{A) e ^-°°.(°°.-f^rf)(x, E), TH,f = T0(A), 
is meromorphic as a map 

S D 5^/^2(0) 3 A ^-°°'(°°'-^)(X,E). 

Proof. The proof closely follows the proof of the analytic Fredholm theorem. For a Aq in 
5^/^(0) denote by Mq = M(Ao) eC'^{X'^) the projection (of finite rank) onto the null 
space of 1 + i?inv(Ao). Then w.r.t. 1 — Mq and Mq the operator 1 + i?inv(A) can be written 
as the matrix 

+ itinvlAJ - y^^^^ ^^^^ 

The operator A{A) is of the form A{A) = 1 + T(A), with 

T(A) = i?i„.(A) - Moi?inv(A) - i?inv(A)Mo + Mo/?inv(A)Mo e .(-.^^.f)(X, E). 



3. 7 End of the Construction 



53 



Also A{A) is invertible for A close to Aq with an inverse of the same type. To see this, we 
write 

(1 + T)-^ = 1 - T + T(l + T)-^T, 
and use the following "semi-ideal" property of the space 

^-oo,(oo,a,6)^^^^^^ which is de- 

scribed in | |lVie3| , and which shows that the last term in the above sum is of the same type 
as the operator T: 

Lemma 3.24 For Qi,Q2 G and A e C{x~^Ll{X, E)) we have 

QiAQ,e%'^'^°^'^''\x,E). m 

The rest of the proof now follows as usual: Assuming the invertibility of ^(A), the operator 
1 + -Rinv(A) is invertible exactly if the endomorphism D — CA~^B is invertible, since 

A _ (A-^ + A-^B{D -CA-^B)-^CA-^ -A-^B{D - CA-^B)-^ 

CD) ~\ -{D -CA-^B)-^CA-^ (D-CA-^B)-^ 

Thus the inverse exists, and is of the claimed form, whenever det{D — CA^^B) ^ 0. The 
determinant is not constantly 0, since 1 + Rinv{i) is invertible by construction. ■ 

Putting everything together, we obtain one of the central results in this work 

Theorem 3.25 (The Resolvent of D) The resolvent of D continued meromorphically 
to S from lm(A) > is given by 

G(A) = G-(A) := (Q,^(A) + M)(l + R-U^))-' e ^''''{X, E), 

with index set J as in (|5^/ It is meromorphic as a map 



Remark 3.26 Let us end this Section with a remark about some variants of this con- 
struction: First, it is possible to construct the meromorphic continuation of (D — A)^^ 
from Im(A) < 0. This will be needed in view of Stone's formula (|62D . Equivalently, we 
can use the continuation (^"^"(A) of (D -|- A)~^ from Im(A) > 0. The results in this Chapter 
hold verbatim for this continuation (with A replaced by —A, but the terms A, Oj{A) etc. 
remain unchanged!). 

Also, a generalized inverse for D — Aq can be constructed for any fixed Aq G C. For 
a G R not equal to the real part of any ±9j{Xo) we define the C°°-index set 

e„(Ao) := {s = ±^j(Ao) I Re(s) > a} + N. 

Then the construction of the parametrix as an operator on x°'Ll[X, E) up to a smoothing 
term can be followed through as before. The integral in ( ^91) is now over lm{z) = a and 
the index set 6(Ao) has to be replaced by 0o(Ao) at the left face and by 6_o(Ao) at the 



right face. The constructions in this Section and Section 3.6 then yield 
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Proposition 3.27 DAoQsm,a(Ao) = 1 + i?sm,a(Ao), holds with i?sm,a e ^-~'^(X,E), 
Qsm,a G "^^^"^{^^E), and index sets 

TH.i^b = Te_c,(Ao), THii^b = oo 

Ju,b = [o]e„(A), T<i j^M.fc = MT<i({o} u e,(Ao) + e_„(Ao)), 
Tjrf,, = re_„(Ao), T<i jff,^ = [o]T<i(ejAo) + e„„(Ao)). 

Especially, the operator (D — Aq) : x"L^(X, i?) —>■ x'^Ll{X,E) is Fredholm, if a ^ 
Re(±^,(Ao)). ■ 



3.8 Consequences 

In this Section we present some standard applications of our construction of the resolvent. 
Our presentation here is an adaptation of the developments in Chapter 6 of ||Me3|| to the 
case of our Dirac operator D. As a special feature, this approach allows a description of the 
continuous part of the spectral measure for D, based solely on Stone's formula, without 
using any of the machinery of Hilbert space scattering theory. 

The arguments in this Section do not really differ from those in the 6-case. They have 
been included here, since a detailed treatment of the Dirac operator along these lines does 
not seem to exist in the literature. A treatment of the 6-Laplace operator can be found in 



Structure of the Null Spaces 

As an immediate application of the resolvent construction, and its extension described 
at the end of the last Section, we can describe the structure of sections in the weighted 
null spaces of D — Aq. 



Proposition 3.28 Recall the notation introduced in (p^). For Aq G C, tq G R and a G R 

such that a ^ Re(±6'j(Ao)) we have 

(a) null,.i2(D - Ao) C A^°VM(^x,E), TJ„(Ao) = Te„(Ao), 

(b) nul^(D - ro) C x'H^{X, E), nulli2(D2 - tq) C x'H^{X, E) 

(c) nulL(D - ro) := ^^^^miW^-.^iD - ro) C T/(ro) = Te(ro). 

(d) nulL(D2 - rl) := {~]^^^mx\\^-eL2{D^ - r^) c ^M^('-o), with 

TJ{ro) = r[0o(-ro)D(e(ro) U (e(ro) + eo(-ro))D(e(ro) + eo(-ro) + e(-ro))]. 



All of these spaces are of finite dimension. 

Proof. Let ^ be a section in x"L^(X, i?) such that (D — Aq)^ = 0. Then, starting with 
the parametrix described in Proposition p.27| , we get the equation 

(D-Ao)g sm,— a (Ao) = 1 + R (Ao) 
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on X "L^(X, E). The adjoint of this equation can then be apphed to ^: 

= gsm,-«(\;)*(D - Ao)e = (1 + i?sm,-a(\;)*)e. 



Since by Lemma |2J the remainder Rsm-ai^o)* has an expansion with index set of type 
Te„(Ao) at the left face, we find ^ e ^M-^"(^o)(X, E), with J„(Ao) as above. Part (b) is an 
immediate consequence of this, since all indeces in Oo(ro) have positive real part. 

The proof of (c) then follows from this, once one recalls that 0(ro) is obtained from 
0(A) by continuation from Im(A) > 0. Alternatively 

0(^o) = n 0-a(^o). 

All of these null spaces are of finite dimension, since the operator (D — Aq) is Fredholm 
on x"L2(X,E). 

To analyze the structure of the null space of — Tq, with tq G R, we temporarily 
write G{s) := Qsm,a{s) and R{s) := Rsm,a{s)- Then G{ro)G{—ro) is our first guess at a 
parametrix: 

(D^ - r2)G(ro)G(-ro) = (D + ro)(D - ro)G(ro)G(-ro) = (D + ro)(l + i?(ro))G(-ro) 

= l + Ri-ro) + iD + ro)R{ro)G{-ro) 

with R{-ro) E {D + ro)R{ro)G{-ro) e '^-°°'^{X,E) and index sets given 

by 

Elf = oo, TEj-f = T6_Q,(— ro) and Fif = oo, 
TF,f = T[0,(-ro)D(e_,(ro) U (0_«(ro) + 0„(-ro)))D(e_,(ro) + e„(-ro) + e_„(-ro))]. 
Taking the limit a \ as before proves the claim. ■ 

Note that this Proposition only makes a statement about the form of null sections, not 
about their existence. For instance, since D is selfadjoint on L^, the operator D — Aq does 
not have an L^-null space when Aq is not purely real. Also, part (d) should only be regarded 
as an "a priori" -result. We will show below that the top coefficients in null_(D^ — Tq) are 
much simpler. 

Proposition 3.28| implies that the pairing 

x-'Ll{X, E) X x'Ll{X, E) — ^ C (55) 

induces a pairing between the L^-nullspaces and the extended L^-nuUspaces. The rela- 
tionship between the extended nuUspaces null_(D ± s) and null_(D^ — r^) can therefore 
be described as follows 

Lemma 3.29 The sequence 

— > null_(D - r) — ^ nulL(D2 - r^) ^ [nulli2(D - r)^ n nulL(D + r)] — ^ 
is exact. 
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Proof. Injectivity of the left map is clear, so is exactness in the middle. We only have to 
show that the map on the right is (well defined and) surjective. Also, it should be clear 
that for ^ e null_(D^ — r^), the expression (D — r)^ lies in null_(D + r) and pairs to 
with nullj;^2(D — r) under (^). Surjectivity then follows from the fact that 



nulli2(D-r) = null^si2(D - r) = im^sqiD - r) = im^-eq{D - r), 

where we have chosen e such that (D — r) is Fredholm on x~^Ll{X, E). Since e > with 
this property can be chosen arbitrarily small, the claim follows. ■ 

For a more detailed description of the null spaces and the generalized eigenspaces 
we need to analyze the generalized eigenspaces of the model operator /^(D), first. Let 
P e Difffc(S,/C) be an R+-invariant operator (think of P = Jfe(D) or P = /fe(D)2). The 
formal null space of P at z & specj(P) is defined as the extended x~"Ll{B, /C)-null space 
of P, i.e. 

ord(z)— 1 

F{P,z) = {u= ciix~'"\og{xy I aieT{Y,IC), Pu = 0}. 

1=0 

For z ^ spec^(P) we have F{P,z) = {0}. This can be seen, noting that any u with an 
expansion as above fulfills 



xY. 



Since Ib{P){z) is invertible, it follows that the coefficient of the highest log-power has to 
be 0. Thus, the whole expansion must be 0. 

In the case of the Dirac operator P = Jf,(D =i= A) the structure of the formal eigenspaces 



can be inferred from ( ^q ) and (|47|) . Let us start with a 

Definition 3.30 Let Im(A) > 0. For in the Cj-eigenspace of Dy set 

^^(■Co!-^) '■= 2(^0 '^'^'^io) (ihe projection onto the ^i-eigenspace of cr). 



The sections vr can be continued to S. Recall however that dj{—r) = Oj{r) for A = r G 
aPD = R and 

_ / ± sgn(r)cr7r±(e„r) |r| > c,- ^ 

Now the formal eigenspaces of D ± A have the following form 
Proposition 3.31 Let Im(A) > 0. 

(a) For any Cj and A 7^ ^Cj: 

Fih{D-X),T^e,iX)) = (x^''^W7r^(e„A)| Dye, =c^>, 
F{h{D + X),TtO,iX)) = (x^^^Wo-7r±(e„A)| DyO = c,0>, 
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Especially, recalling that 9o{X) = —iX: 

F(/,(D-A),±A^O) = (7r±(eo)a;^^' I 0^^0 = 0), 
F(/fe(D + A),±A^O) = (7r±(eo)x±*"|Dyeo = 0). 

(b) For A G {±Cj} we get: 

F{h{D-c,),0) = (e,x°log(x) + c,/2o-e,a:°,e,x°|Dye, = c^), j^O 
F{h{D + c,),0) = (o-0x°log(x)+c,/2e,x°,o-0x0|Dye, = c,0), 
F(J,(D),0) = (eoX°|Dyeo = 0). 

(c) For any cj and A^ 7^ c'j: 

FihiDf - A^), T^^^,(A)) = {x^'^^'^v, I D^r^, = c'^^j) , 

(d) For A2 = c| 

F(/,(D)2 - 0) = (x° log(x)r/) + | D^r^J. = c^r/}) 



These spaces encode the "top order behavior" of generahzed eigensections of D or D^. To 
describe this, introduce the notation G{P,r) := Siin(^)=_r -^(-P, -z)- By Lemma ^.18 



we 



know that for A G C 



G(D-A,0)= F(D-A,±^^,(A)). 

\cj\<W 

It then follows from Lemma p.l4| that the maps 

nulL(D - ro) ^ GihiD) - tq, 0), nulL(D2 - r^) ^ G(A(D)2 - 0) (57) 



given by restriction to the top coefficients, are well defined and have kernel contained in 
x^H^. The images of these maps are denoted by G"(/fe(D) — ro, 0) and G"(/fc(D)^ — r^, 0). 
They can be identified with the quotient between the corresponding extended L^-nullspace 
and the true L^-nullspace 



G"(/,(D)-ro,0) ^ [null^2(D-ro)^CnulL(D-ro)] 
G'ihiDf-rlO) = [null^2(D2-roVcnull_(D2-ro')], 

where _L again refers to the pairing (^) above. 

Using part (a) of Proposition p.31| , we can now abstractly "construct" generalized 
eigensections for D, representing elements in G'(/b(D) — ro,0), as follows: Fixing a cutoff 
function x near the boundary we have seen that for Im(A) > 0: 

{D-X)x-'^^'^n-{^„X)x = 0{x'-'^^'^) 
(D + X)x-'^^^^an+{^„ X)x = 0{x'~'^^^^) 
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For small Im(A) > this is certainly in Lf and we can apply the resolvent to it. Thus 
define 

f/-(0,A) := x-'^'^'K-{^„X)x-{D-X)-\D-X)x-'^^'K-{^„\)x (58) 
t/+(e„A) := x-^^W^7r+(0,A)x-(D-A)-i(D-A)x-^^W^7r+(0,A)x. (59) 

These sections can be continued meromorphically over S. Before noting more of their 
properties we have to take another look at the resolvent of D. 

Let us give a rough description of the real poles of the resolvent: 

Proposition 3.32 (Poles of the Resolvent) (a) Let Aq E be located above Aq on 
the real axis, away from any ±Cj but possibly near 0. Then G^{A) has a pole of 
order at most 1 in Aq/ 

G^{A) = + Bl + (A - Xo)Cl{A), 

and Ajj^ is the projection onto the Lf-null space o/ D =p Aq. 

(b) // Ao equals some ±Cj 7^ then G^{A) has a pole of order at most two. Use 9j as a 
uniformizing function ofJ2 around this branching point by writing A = Aq + 9j{A)'^. 
Then 

Again, is the projection onto the Ll-null space 0/ D =]= Aq- 

Proof. To prove (a), note that Aq is not a branching point and G~{\o + ie) = (D — 
(Ao + ie))^^. It follows from the selfadjointness of D and the spectral radius formula that 
||G'~(Ao + is)\\ < e~^. Thus G~{\) can have a pole of order at most 1 with a Laurent 
expansion as in (a). The operators A~^^, Bj^^ : x^Ll{X,E) — > x~^Ll{X,E), fulfill the 
equalities 



;d-Ao)Ax„ = o, (D-Ao)S^„ = 1-Ax„, (D - Ao)C;^„ = 



Ao 



from the first two of which the claim follows. 

The proof of (b) is analogous, when one uses the fact that around a branching point 
±Cj the surface S is uniformized by ^j(A). ■ 



The main properties of our generalized eigensetions (pHf), ( ^9]) are now listed in the 
following 

Proposition 3.33 (Generalized Eigenfunctions) 

(a) (DTA)f/^(O,A) = 

(b) U^{C,j,A) is regular near A = 

(c) f/^(e,-,0)±nulli.(D). 
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(d) f/-(0, A) = x-'^(^)n-{^„ A) + Ee,<|A| x^'=(^M,,(A)vr-(0, A) + O(x^) 

(e) f/+(0>A)=x-^^W^7r+(0,A) + E.,<|A|^'^^^^5^.(A)^vr+(e„A) + O(x^) 
c/ose to 9PD and where the families of endomorphisms 

AkjiA) : (7r-(e„A)) ^ B,,{K) : (^T7r+(e„A)) ^ (a7r-(e,,A)) 

are meromorphic in that area. 

Proof, (a) should be clear, (b) follows from Proposition |3.32| , since (D— A)x^^^*^^^7r^(^j, \)x 
is orthogonal to the L^-nuU space of D — A. 

Also (d) and (e) follow from Proposition p. 31 , since certainly belong to the formal 
eigenspaces to first order and the sums on the RHS are just the most general linear 
combination of formal eigensections, which are for A in the physical domain. ■ 

Restricting to r G dPD we can rewrite (d) and (e) in the above Proposition in the 
following way. First, 

:=E]_|,|,|,|[(Dy) = n+©n;, with := (7r±(e«,r) |q < |r|). 

Then we can write the endomorphisms in (d) and (e) as: 

A{r):= A,,(r):n;^n+, B{-r) := 5,^.(-r) : n+ — . H;, 

Cj,Ck<\r\ Cj,Ck<\r\ 

and, introducing the definition X(r)(7r^(^j, r)) := 7r'^(^j,r)x'^^^^'^\ and using (|56|) , the 
generalized eigensections of D in (d) and (e) can now be written 

f/-(e„r)=X(r)(l + A(r))7r-(e„r), -r) = X(r)(l + 5(-r))7r+(e„ r), (60) 

modulo O(x^). More properties of the "scattering matrices" A and B will be described in 
Proposition |3.38| below. 

Choosing an orthonormal basis of eigenvectors of the Cj-eigenspace of Dy (with the 
additional condition that crQ = iQ) we get an independent set of sections 

f/-(eo\A),... ,f/~(C,A),... ,f/-(el,A),... ,f/^(e;%A) c, < |A| (61) 

in null_(D — A)/null2,2(D — A). The set of generalized eigensections (pT| ) spans a subspace 
of dimension dim(n|A|)/2. To see that this span is the whole space, we need a second way 
to obtain information about the dimension. 

What is needed here is a scalar product on the spaces of formal eigensections of D. To 
define this, let P be in DiS^^B, /C) as before. The boundary pairing for P is defined as a 
the sesquilinear pairing 

bp:FiP,z)xFiP\w)—^C, &p(e,r/):=2 / {P{xO,XV)e - {x^, P*{xv))e dvok, 

J B 

where x is a cutoff function supported near x = and (-, ■)e is antilinear in the second 
variable; hp is independent of the choice of x- It is nondegenerate \S. z = w and otherwise 
(see [ |Me3|| , Chapter 6). The boundary pairing for the Dirac operator has the following 
fundamental properties: 
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Lemma 3.34 Let u G ^(/^(D — A), a), v G F(/f,(D — A), 6) he elements of the general 
form u = x^^"-{uo + ui log(a;)), v = x^'^^{vo + Vi log(x)) with extensions to X denoted by 
U, V . Then for real A 

kD-x){u,v) = t [ [{DU,V)e-{U,DV)e] dvolx,b= res ^ / x'{U,aV) dvolx,b, 
which equals i{uQ, (tvq)qx when a = b. 

Proof. This is a simple consequence of "Green's formula" , which looks like 
[{DU, V)e - {U, DV)e] dvoh = [ d*'''x'%U, Cd{-)V)E\ dvoh 

in our context. ■ 

The boundary pairing can be used to obtain relations between the formal and true null 
spaces of D — A. One can show (as in Chapter 6 in ||Me3|| ): 



Proposition 3.35 G"(D - A, 0)^'''° = G"(D - A, 0), especially G'{D - r, 0), with r real, is 
a Lagrangian subspace for the symplectic form b^. ■ 



Corollary 3.36 The set i^6l\ ) is a basis in null_(D — r)/null/^2(D 



r . 



Proposition p.35| can also be used to obtain more information about the scattering 
operators A{r), B{r) in (|60D. We start with a simple 



Lemma 3.37 LetC,j,f]k be eigensections ofDy with eigenvalues Cj, Ck andO ^ Cj,Ck < \r\. 
Then w.r.t. the L"^ -scalar product over Y 

(a) (vr^(Cj,r),7r±(r/fe,r))i2(y) = {^j,Vk)L2{Y){\r + Cj\ + \r - Cj\) 

(b) (vr±(^j,r),<T7r±(r/fe,r))i2(y) = ^2i(^j,r/fc)i2(y)y/r2^^ ■ 
Thus introduce 

'^oi^) ■= =F1, wf{r) := ±2 
and define the scalar product (( , ))r on Il\r\ such that 11,^ ± 11" and 



— Cj 



r + Cj \ + \r — Cj\ 



{{ft.Vk))r ■■= i{vf,(^Vk)L^Y) = wf (r) {iff ,ri^)L2(Y) for ipf,rif G (7r^(^i,r)). 
This is a well defined scalar product away from r = ±Cj and 
Proposition 3.38 A{r), B{—r) are unitary w.r.t. {{, and A{r)* = B{—r). 

Proof. First, the above Corollary implies that the U~{C,j,r) and the U^{^j, — r) span the 
generalized eigenspace of D — r. The boundary values of any element in the generalized 
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eigenspace have a unique decomposition into their H^-parts, which can be written in two 
ways according to (|60l): 



(l + A(r))5(-r)7r+(e„r) = (l + 5(-r))7r+(e„r). 
This shows that A{r) and B{—r) are inverses of each other! 



To prove unitarity, we use Proposition |3.35| and Lemma |3.34| . For any r] G H,^. , for 
instance r] G {7i~{^j,r)) for a fixed eigenvalue Cj, we get 

= bD-r{Mr){l + A{r))r],X{r){l + A{r))r]) 

= i{r], crr])L2(Y) + i{A{r)r], crA{r)r])L2(Y) = {{v^ v))r + {{A{r)r], A{r)r]))r 

and so on. ■ 



Spectral Measure around 

Let / G C(R) have support in around 0. Then, according to Stone's formula 



(62) 



= lim— / f{r)[{D-r-iey^ - {D-r + ie)~^]^dr 
= lim — : [ f{r)[G~{r + ie) — G~^{—r + ie)](fdr 

e^O 27ci Jj^ 

= 7^ f f{r)[G-{r)-G^{-r)]^dr 

The last integrand can have singularities. However, fixing G x^L^ orthogonal to the 
L^-nuU space of (D — r), we get, according to Proposition |3.32 

[G-{r) - G+{-r)]if = [B; - Bt^jip = (D - r)[C; - C+> 

which shows that the LHS exists and lies in null_(D — r) and is orthogonal to the L^-nuU 
space of (D — r). This allows us to make a general Ansatz of the form 

[G-{r) - G^-r)]^ = ^ a2l{r){^,U-{^],r))U-{e,,r), (63) 

\cj\,\ck\<r;a,b 

where we have used the orthonormal basis introduced before (0). This is a linear com- 
bination of finite rank linear operators, continuous on x^L^, and has null space in x^Lf 
of codimension at least dim(n|r|). Thus it will be enough to calculate ( p^D on a (special ) 
finite set of sections if as follows: 

Lemma 3.39 Let he the test function of the form </) = (□ — r)x~^J*^''''7r~(^j, r). Then 

(a) [G-(r)-G+(-r)]^ = f/-(0,0 

(b) {(p,U'^{r]k,r)) = {7T-{^j,r),(nT'{r]k,r))L2(^Y), (= 2i{^j,r]i) l2{y)\J r"^ - c] forkj ^ 0) 
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Proof. This proof is a good exercise to test the reader's versahty with the concepts 
introduced in this Section. We give the details for reference. 
First, using Lemma [3.18| (b) and (|56D, we know that 

-djir) = ^j(-r), 7r"(^j,r) = sgn(r)cr7r"(^j, -r), for |r| > Cj. (64) 

Therefore ip can be written as the hmiting function of a function on PD in two ways: 

<f = hm (D-X)x-^^^^\-(^.,X) (65) 

^ = hm (D + A)a;^^^^) sgn(r)o- 7r"(6,A). (66) 

Note that in ( |66D the Dirac operator is apphed to a function which is aheady in L^! Thus 

(A) g 



G+(-r)(/? = hm (D + A)(D + A)x^j(^) sgn(r)cr 7r-(ej,A) 



X 



Recalhng the definition (pHD of U~{^j,r), part (a) is proved. To prove (b), simply recall 
that U~{rik,r) is in the extended L^-nuU space of (D — r). Thus, from the definition of 
the boundary pairing 

{(p,U~{r]k,r)) = -ib(^D-r)ix'^'^''^T^' i^j,r), x'^'^^^'K' {r]k,r)) = (7r~(^j, r), cr7r"(?7fc, r))i2(y), 

as claimed. The last equation then follows from Lemma 3.37| (b). ■ 
Plugging this into our Ansatz (|63|) we get 

Theorem 3.40 The continuous part of the spectral measure for D is of the form 
dEoAr)¥> = 7^[G-{r) - G+{-r)]^dr 

a 0=/=\cj\<r;a 



Regularized Trace of the Heat Kernel for Large Times and the Index 

Using the spectral measure dEo, the heat kernel for can be written 

e-*°' = / e-'"^" dEo{r). 
Jn 

Choose a cut off function x, which is 1 near and whose support lies in ] — ci, ci[. Then, 
using Theorem |3.40| , we can calculate the regularized graded trace: 

Str,(e-*^'x(D)) = reg Str(x^e*°'x(D)) 

z=0 

= ind^2(D) + regV^ l x' l e-''\{r) stiEiU- iQ,r){;U- iQ,r)) e) dr dvok 
" z=o ^ 27r jx Jb. 
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Now, using the fact that the grading operator e intertwines the ±i-eigenspaces of cr, the 
supertrace can be written as 

stMU-{Cl r){., U-{Co, r))E) = (e {x'^Co + x-'^A{r)CS),x'^Co + ^''^ A{r)C'o) e + Or{x') 

= x''^{eCo, Air)eo)E + x'"'^ {eAir)eo, ^0")^ + Orix') 

The term Or{x^) is regular in r = 0. Thus the corresponding part of the above integral 
vanishes for t ^ 00. The remaining part gives integrals of the type 

reg:^ [ x' [ e-'^\{r)x''^{eC„A{r)C,)exx{x) dr— ^heQ,A{0)C,)ex, 
z=o 27r Jr^ X 2 

since this is just the Mellin transform back and forward and evaluated in ^ = 0. Thus, 
recaUing that the U{^^, 0)/V2 are orthonormal in null(Dy), we finally obtain 

Inn Str,(e-*°') = indi2(D) + i ^^(e U{Co, 0), UiCo, 0))dx = sdim(null_(D)), (67) 

a 

the extended L^-index of D, which we also denote by ind_(D). To calculate this index we 
will have to consider the limit t — > of the heat supertrace. This problem will be attacked 
in the next two Chapters. 
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4 The Heat Kernel at Finite Time 



In this Chapter we describe the construction of the heat kernel of for finite times. We 
introduce a heat space Xjj and heat calculus adapted to our problem and show by direct 
construction that the heat kernel lies in that calculus. As in the case of the resolvent, this 
construction will be performed by first solving the heat equation for to first order (at 
the relevant faces in Xjj) and then using an iteration argument, based on a composition 
formula for our calculus. The presentation given here leans on |palVle|] . 



4.1 d-Heat Space and d-Heat Calculus 

In this Section we describe the heat space and the corresponding calculus adapted to our 
Dirac operator. We define the heat space as the parabolic blow up 



[X^ X [0, oo[t; {F^ X {0}), dt; Ax x {0}, dt] . 



The invariant notion of parabolic blow up is explained in ||MeO|| , ||Me3|| and [ DaMe |. For 
our purposes here, let us just mention that local descriptions of the space Xjj are given 



by the sets of coordinates (|68| , |69| , |70| , [TTD below. See also Remark 

Now, the corresponding blow down map is denoted by (3h '■ X'jj — > x [0, oo[ and the 
left and right projections by 13h,l '■ X]j X and Ph,r '■ Xjj — > X. The faces of X]j are 
denoted by rf , If and 



hbf := /?^^(9X2x]0,oo[) 



tff 



f^n'iF^ X {0}) 



tf 



/3j,\Ax X {0}) 



tb := (3J,\{X^ - Ax) X {0}). 
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Using the coordinates x, x', y, y', z, z', t on x [0, oo[ we can describe the properties 
of hfted vector fields under the blow down map (5h and near the above faces as follows: In 
the interior of hbf we can use projective coordinates w.r.t. x', where x is the boundary 
defining function in X, as usual: 

X 

s = — , x', y, y', z, z', t. (68) 
x' 

Then 

dx 1 d d 

ds = — ; dx' and j3*TjX— = s—. 

x' sx' ox OS 

Near hbf and tff we have to consider the dt-parabolic blow up of x {0}. We do this 
by introducing coordinates 

St^'-^, ^* = ^' ^' ^' ^^^^ 

where now y, y' are assumed to be paired. Then 

ds s — 1 dx' x' dy — dy' y — y' , 

and therefore 



dt 2 V dVi dSt dXt dYt 



'dx ^ ^ft'dSt ""dy ^/tdYt' xdz sXtVidz' 
In the interior of tff we can use projective coordinates w.r.t. x': 

S.= '-^, Y. = ^, x', r = ^, y', z, z'. (70) 

We then have 

ds - — -'-^dx' dY - ~ - dx' dr-— — dx' 



and 



d _ d d _1 d 1 d _1 d d _ I d 



'dt dr' "^""dy x' dY^' "^""xdz xdz' '^'^ dx ^ x'' dS^ 

At tf and near tff (i.e. after parabolically blowing up Ax) we have projective coordinates 
w.r.t. 

c o \/ -V -7 z — z' a;'(z — z') 

^-:^-^t^ Y = -^=Yt, Z^—^^—-^j^^ VV, X, y, z. (71) 
Here, we have added the requirement that z, z' also be paired. Now 
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z — z' x'(z — z') , a^' / , r i\ 7 r- 1 7 7 / 

rfZ = -^dx-^^dt + -(dz-dz), ^v^=^^^ + ^^^' 

and the standard vector fields lift as 

d _ I d d _ 1 d o*'^ d _ 1 d 

3*t--- (r^/^-^ _ z— - S— - Y— 

These calculations show that for V G r('^TX) the vector field ^-^^(3*^ lV is tangent to 
(the fibres under I3h,r of) tff and tf . We thus get the following analogue of Lemma 

Lemma 4.1 The faces of Xjj are isomorphic to standard spaces: 

(a) t°f ^ '^TX 

tf = RC2(<^TX) 

(b) tk^ '^NdX xy dXx]0,oo[r 

tff ^ [RC2(*A^(9X xy aX) X [0, oo[,; Aqx x {0}, dr] 

(c) hbf = ((9X)2x]0,oo[,x]0,oo[i 

hbf = [{dxy X [-1, 1], X [0, oo[t; X {0}, dt] m 

Here, given a euclidean vectorspace {W,g), we denote by RC^(IV) the "quadratic" radial 
compactification of W, obtained by introducing p = | ■ as a boundary defining function 
at infinity. The following gives a description of the restriction of 0-vector fields to these 
faces: 

Lemma 4.2 The lifts of vector fields V E T{'^TX), t-^, restricted to the different faces 
are as follows: 

(a) At tf .- ^lltf = -l^?"^ e T't'TX/X, I3*H^L ^^ltf = V E T^TX/X. 

(b) At tff f3*H^LtwM = f^kL ^^Itff = r^'^N^{V) E Ti't'NdX xy dX/Y). m 
Now define the density and the coefficient bundle for the heat kernel as 

(t')"- dt 

KBh := ^—(3l/Q{X), CBh := KD^ ® P^^E ® (3*h,rE* =: KD^ ® END(E). 

Since we have defined the density KD^ to be lifted from the right, its Lie derivative w.r.t. 
a vector field lifted from the left is trivial: 

vKBh = 0, L.. ^jlKBh = ~KBh. 

This will again prove useful in Section [4 .31 , when we calculate the action of such vector 
fields on our calculus. 



4.1 d-Heat Space and d-Heat Calculus 
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The d-heat calculus is defined to be 

^i?™f (-^' '■= Ptf Pts Phhi C't?,tfr,hbf (^i' CBh) 
for / > 0, m > 0,p > 0. For / = 0, we set 

^Tfi^^ ■■= pT^ pIu cZf^M^l^ c^nf © c, 

where, using (|7DD, we require for A €(75^ tff hbf (^lr> ^^hY^ that the following mean value 
condition holds 

/ L{t^My = 0. (72) 

Let us show, how we can define the action of an element A in the calculus on some 
function g eCf{X x [0, oo[, E). First, for any function / GC'^(X x [0, oo[, n{X) dt®E*) 
we consider the convolution product 

/■oo 

/ * 9{t) = fit + s)g{s) eCTiXxXx [0, cx)[, ® Ph,lE* ® Ph,rE). 

Jo 

Note that for functions vanishing rapidly at the faces rf , If, tb we have 
which implies that for an operator A G \l'^f (X, E) the pairing 

[A, (3*M *g))e pT^ p[j' pI^, CZf^M^l^ ml))^ 



is integrable for /> 0. In the case Z = we have to use the mean value condition (|72D to 
make sense of the integral. This is done by writing, in the neighborhood f/(tf) := {ptf < 
e} ^ [0,e[x^TX: 



dpti 

X 



/ = lim / / / advoUTX/x dvol 

Ju(tf) ^^^Js JXJ<t>TX/X Ptf 

Since the innermost integral converges to for ptf — >• 0, this limit exists. 
Now we can define the action of A on g by setting 

{Ag,f) xx[o,oc[-= {^^PhU * 9))xl- 



As usual, the task of writing down the definitions for the extended heat calculus is left to 
the reader. It is important to note, however, that we can only allow conormal functions 
for which the above mean value condition makes sense. 
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4.2 Composition Formula 

To explain our constructions in this Section consider simplified convolution operators 
A, B GC'^(X^ X [0, oo[, VtR{X) dt). Their composition is given by 

Ao5(w,w",t)= f A(w,w',t-t')5(w',w",t') ^^^(X^ X [0,oo[,r]ij(X) (it). (73) 
Using the space x [0, oo[(/[x[0, oo[t-t' and the three projections 



X2 X [O,oo[t_t. ^ X3 X [0,00 [t,[x [0,00 X2x[0,oo[t, 

X [0,00 [t 

this can also be written as: 

AoB = 'KM,*{'^lA-'K*j^B). 

Now, in our case, the image spaces of the projections will really have to be Xfj. To be 
able to use the pullback- and pushforward- results in ||MeO|| (see also Appendix |A.6| ) we will 
have to modify the "triple space" such that the corresponding lifted projections become 
6-fibrations. 

Remark 4.3 To simplify things a bit, we agree to define the (i-heat space Xfj using \/t 
as a global variable, i.e. as the simple blow up 

Xjj = [X^ X [0, oo[^; {F^ X {0}); x {0}] away from tb. 

Since elements in the heat calculus vanish at tb by definition, nothing is lost by considering 
the RHS above, instead of the original space Xjj. 



We now define 

V := [O,oo[^x[0,oo[^/i^, 
and denote its faces by It and rt. The first thing to note now, is that the map 

ttm ■ [0, oo[^ (a, b) t-^ Vo^ + fe^ 

is not a 6-fibration. Thus we will have to take care to also blow up the corner bt = It fl rt 
whenever this situation arises. So our starting point is the diagram 

X^x[0,oc[^ ^ X^xV ^ X^x[0,oc[^ 

i TTM (74) 
X^x [0,oo[^ 

where we keep in mind that the horizontal maps are still 6-fibrations but tim is not. 

The definition of the heat triple space now proceeds in two steps. The first step consists 
in replacing the image spaces in ( [7^ ) by the partial blow up Xjj = [X^ x [0,oo[;F^ x 
{0}, dt], which we interpret as simple blow up w.r.t. the global variable \/t. 
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Figure 7: The T^- and X^-factor 



As in the case of the 0-triple space we denote the faces to be blown up (as well as the 
resulting faces) by 

bt X 00-, bt X bt X (t)TT, rt X (f)F, It X 0s, rt X 0^^, It X 05t, 

and define the (intermediate) heat triple space to be 

Xfj := [Xl X T^;bt0Tr;bt(/)cT;rt0Fr;lt05r;bt0c;rt0F;lt05] . 

To avoid any misunderstandings, recall that this is the space x T^, with faces blown 
up as listed from left to right. Each face in that list thus really represents the preimage 
of the corresponding face in X^ x under the previous blow ups. 

For the second step, denote the different lifts of the diagonal A,^ C X^ to X| by A^, 
Am, Aji and analogously their intersection by A^mr- Then the true "triple space" is 
defined as _ 

— [X^H-M^LRM-MAM-AtAL^rtAn]. 

Besides those faces obtained by the above blow ups, this space has the faces 

M = VM, L, R, S, C, T, and bt = htX'i, rt. It. 

Again, these arc understood to be the lifts of the corresponding faces in X^ x minus 
those faces, which were obtained in the previous blow up. The important result now is 

Lemma 4.4 There are induced b-maps Xfj — > Xjj, o = L,M,R, (where we agreed to 
define the RHS to be defined with global time variable \ft) such that the diagrams 

Jiff 

I I 

X^xT^ ^ X^xJ 
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commute. 

Proof. We show how the map 7rH,L is defined. Starting with Xfj we first blow down all 
those faces which do not intersect any of the faces lifted from the left factor: 

rtA/j, btAAf, Tt(l)F, Tt(l)FT, btf^c, bt(^cT, F, C, 

thus getting 

[X^ xXxT^;UxdXx V; bt0Tr; Mst] Ms] UAlrm] ItAz.]. 

Now, obviously, htALRM is a p-submanifold of ItA^, i.e. their blow ups can be exchanged 
and the triple diagonal can be blown down. The same argument let us us exchange the 
blow ups of bt0Tr and Itcpsr, yielding 

[X^ X X xT^;U X dX X T^; \t(j)sT; lt05; bt0Tr; ItA^]. 

Now the face ht(j)TT in question here is really the preimage of this face under the blow 
up of \t(f)sT, and one easily checks that it is transversal to It A/,. Being disjoint from the 
other blow ups, we can switch the corresponding blow up to the front and then blow down 
ht(j)TT altogether. Following this, it is easy to see that the blow up of bf x dX x can 
be "pulled to the front", if one switches the order of the blow ups lt05T and lt05. Thus 
this face can be blown down, too, leaving us with 

[X^ X X xT;F^x X X {0}; x dX x {0}; Af, x X x {0}] x T, 

where we have written the faces (ps, 4>st in their blown down form in X^ x X. It is 
important to note that, again, (psT x {0} is really the preimage of that face under the 
blow up of 05 X {0}, making it transversal to the lifted left diagonal. Thus 0s't{O} can 
be blown down and we are left with 

[X^ xJ;F^x {0}; A^ x {0}] x X x T, 

which projects nicely to Xjj. ■ 

Since all their entries are either or 1, we can write down the "coefficient matrices" for 
ttl, ttm, TTfl (see Appendix [A.6|) by just listing the preimages of the different faces of Xj^: 



Lemma 4.5 (a) ttl maps the faces {L, rt,rtA/j} to the interior of Xjj. Also 

TT^hbf = {D,T,ht<PcT,rt<PFT} 

nltS = {lt05,lt0sT,bt0Tr} 

vr^tf = {KAlM^lmr} 

TT^lbf = {R,C,ht<Pc} 

TT^rbf = {M,F,Tt(pF} 

vr^tb = {bt,lt,bt0c',bt0cT,btAAf} 

(b) TTji maps the faces {i?, lt,ltAi} to the interior ofXjj. Also 
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TTljhbf = {F,T,bt0cT,lt05T} 

TT^tff = {rt0i?, rt0i?T, bt0TT} 

TT^tf = {rtAR,ht^LMR} 

TTljlbf = {M,S,\t4>s} 

TT^rbf = {L,C,bt0c} 

7r|jtb = {bt, rt, bt^c, bt^cT, btAM} 



(c) ttm maps the faces {S", rt, It, rtA^, ItA^} to the interior of Xjj. Also 

nljhU = {C,T,Tt(l)FTMsT} 

TT^tff = {bt0c, bt^cT, bt^rr} 

TT^^tf = {btAM,btAiMii} 

Trybf = {R,M,lt<Ps} 

TTl^rbf = {L,F,rt0f} 

TT^tb = {bt} 



This Lemma shows that ttl, ttr, are not 6-normal, and thus cannot be 6-fibrations, since 
the faces bt^c, bt^cr appear in the preimage of several faces of X'^. However, for two 
heat operators 

their hft from the left and the right to X^ is 

7r2yl-7r^i?e^«(X|,0(X|)), 

and the above Lemma tells us that 

Hl — Hm = Hr = Hp = Hs = He = i^bt = H^t = -f^it 

= Hht<i>c — H\t^g = Hj-t^p = i^bt^cT — HuAm — oo. (75) 

To describe the expansions at the remaining faces, we need to caculate the lifts of our 
densities under the blow down map 7// : Xfj — >■ X^ x [0, 00 p. Writing s = t — t' for the 
(right) variable in note first the coefficients which appear when lifting to X^ x T^: 

Jim') ® 'niV) = p^^. ppj. ps^i pcji P^irt P^i,, lH,,ml X T'). (76) 

To determine the relevant coefficients of the lift of 

^L{X)7rUp^^,KDH)nUp^:,KBH) = {s'/H''^^^^^ 
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we use Lemma |2.2| , i.e we need to list the contributions of the factors in ([76D at the faces 
of Xfj and to keep track of the codimensions of the faces blown up in d{X^ x T^): 



face 


codim 


m 


(sl/2fl/2)-n 






Total 


T 





2 





2v-2 


-2v 





bt0TT 


2/1 + 4 





-2n 


2v-2 







Tt(f)FT 


h + 2 


1 


— n 


2v-2 


—V 





lt0ST 


h + 2 


1 


—n 


2v-2 


—V 





btA^AfK 


2n + 1 


-2 


-2n 






-1 


rtA^ 


n 


-1 


—n 






-1 


ItAz. 


n 


-1 


—n 






-1 



Thus, at the relevant faces, the density is 

= Pt Prt<f>FT PMst Pht<f>TT PhAl PrtAn PuAlmr ^^-^h)i i^^) 

and the nontrivial terms of the index set Ti. are given by 





= -^hbf + -Rhbf 








= -^^hbf + RtS 


H\t4>sT 


— Ltg + i?hbf 




= Lis + RtS 








= 




= Rti-i 


HhtALMR 


= Ltf + -Rtf — 1 







Though TiM is not a 6-fibration it can be made into one in this special case, because ( [75| ) 
allows the faces causing the nuisance to be blown down. Thus the pushforward 

is well defined when it is integrable at those faces mapped to the interior by ttm, i-e. 
whenever 

HrtAR,HitAL > -1 or equivalently -Rtf,-^tf > 
(the condition at the other faces again is trivial due to (0)), and the pushforward of the 
index set is given by: 

irMiHihbf) = HTUHit(f,sT^H-rt4,j,p, 7rj\/jj7i(tff) = ifbt^TT, T^MiH{ti) = HhtALMR- 

Also, in the case Rtf, Lti > 0, the pushforward can still be defined using the mean value 
condition ([72l). Rewriting everything in terms of (3*1^ iVl{X) p^^^KT) h = Pti^^i^jj) we 
finally get 

Theorem 4.6 (Composition Formula) Let i?tf;-^tf > 0. Then composition gives a 
map 

^f,iX)x^^iX)^^-^^iX) 

with index sets given by 

Mhhf = (Lhbf + -Rhbf)U(-Ltfr + i?hbf)U(Lhbf + Rts), 

Mts = Lts + Rts, Mtf = Ltf + i?tf. 
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4.3 Normal Operators and Construction of the Heat Kernel 

Using the local coordinate representations described in Section O] it is easy to see that 



the restriction of the density KDj^ to the different faces has the following form. 

dt. 



KD 



tf 



KD 



t 

dr 



n^^Tx/x) 



—T-'^i^n^^i^Ndx xydx'^ dx) 

T 

dt , „ I3h,l 



tff 



KD 



H 



hbf 



^X,^^fifib(hbf dX) 



(78) 
(79) 
(80) 



For A e ^^cf (^) 

we now define the normal operators at the faces tf and tff and hbf by 



NhM^ ® c) 



t^-'/Mltf e pTfT' crsitf,tKDH) = x--'5fib('^TX,n(^TX/X) dt) 
M|tf © c e ^^(tf, tKD^)*' © C 
(x')-™A|tff G pLr'" C'tThbf(tff,KDH) 



[X 



/\-p 



Alhbf e p™-^ ^^(hbf, 'l]fib(hbf) dt) 



For / > 1 these normal operators fit into the usual short exact sequences: 



l—l,m,p 



(X) vP^-f (X) 



X 



'5fibC^TX,fi('^TX/X) dt) — > 



l,m,p / 



N 







i,m,p— 1 
H,cl 



(X) ^ vl;^™/ (X) 



H.hbf.p m—p Aoo 



p™-^ Ctff (hbf , ''fifib(hbf) dt) 0, 



and we leave the formulation of the case / = to the reader, as well as the usual extension 
to the calculus with coefficients. 

As usual, the spaces on the RHS in the above sequences represent some calculi of 
operators whose composition rules are induced by the composition rules for operators in 
the "big" calculus \I^h,ci(X) (compare Lemma . For instance, in the case (|8l| ) we can 
define 

^ts.si'^NdX) :=p[fPL; C'S:hbf(tfF,KDH). 



This is the heat space associated with the suspended calculus introduced in Section . 
Some related calculi are described in more detail in Appendices |A.4| and |A.5 



At this point we are not interested in the general algebraic properties of the normal 
maps. All we really need is to describe the normal action of the Dirac operator D at the 
different faces, for which it will suffice - as usual - to analyze compositions of vector 
fields with elements in the heat calculus. To do this, we remind the reader of the following 
simple fact about Lie derivatives of forms and densities: Let jp : F ^ M he a face of a 
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manifold with corners with defining function /, W a vector field on M tangent to F, and 
uj a form on M. Then 

fpLfwUJ = fpifLwUJ + £{ df) l{W)uj) = 0, 

which means that 

i.e. the Lie derivative restricted to the face can be calculated on the face. The normal 
action of vector fields on the elements in the calculus is now described in 

Proposition 4.7 Let V be in T{^TX). Composition gives maps 
Applied to A & (X), we get at the different faces 



(a) NH,tu-2{9ioA) - ^ -iiL^, + 2-l)NHMA)®-L 



for l>2 
'^TX/x^i^,tf,2(A) for 1^2 



(b) NH,tf,i-iilV o A) = LvNhM^) 



C) A^ff,tff,m-2(| O A) = L^NH,t{{,m{A) 



dT 



(d) NH,tE,m-l{lV oA)= LN^(y)NH,tS,ra{A) 



e) iVj^,hbf,p(| o^) = La7V^,hbf,p(^) 



at 



(f) NH,^u,p{ly ° ^) = ^/3|,iv^^/,hbf,p(^), for V e r([<^7V9X]). 

Proof. First, recall the partial integration formula for the Lie derivative w.r.t. a vector 
field on a manifold with boundary N: 

a A Lv(3 = - / (Lva) A (3 + t(V)a A (3. 

Jn Jn JdN 

Now let f eC'^iX X [0, oo[, n{X) dt) and g eC'^{X x [0, oo[). We then have 

{L a {A *g),f )xxio,oo[ = -{A*g,Laf)xx[o,oo{+ / '-l^)^*^-/ 

= -{A,(3*HiLe^f)*g)x^^ = -(A,L^^ 



"^^^ 7tfutff Ot 



Since near tf the density factor in A ■ * g) is of the form f /3|^^^fi(X)fi'^TX/X 

we see that the last integral in the above expression vanishes for Z > 2, but contributes 
the constant 



[0,oo[ 

X \J<I>TX/X 
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for / = 2. Thus, recalling that 



tLd =L,a —1, L a dt = dt, and Lr. dt = 0, 
and using Lemma we find for I > 2: 

NhmMLa o A) = t^-"HL,, a A|tf = t^~"\L,, , s - l)A|tf 

' ' ^ at ' Ph at Pn'^at 

= {Lp,^,a_ - 2 + //2)ti-VM|tf = -\{L^, + 2 - 1)NhmA^). 
Note also that in the case / = 2 we have 

therefore 

NhMjt, oA) = 0, 

TX/X 

i.e. the mean value condition is fulfilled. ■ 

As usual, the above results can all be formulated for operators with coefficients in 
a vector bundle. We leave this to the reader. Let us just make the remark that the 
construction is independent of the choice of connection made. Also, for W G r('^TX), the 
normal operators of r-'^/^V^ and t^/^V^ at tf and tff are the same. 

Corollary 4.8 (a) NH,ti{t^'^D) = A^^.tf (t'/'D^) = NH,ti{t^'^lD't') = c.^x ° d,Tx 

(b) A^i^.tf(^D^) = ^'t'TX; the fibrewise Laplacian for the fibre metric g<t>TX/x- 

(c) NnMt'^'D) = t'/'lNH,tiim = r'/'N^m 

(d) NHMtD') = rN^iD^f = tA,^9x + T{D^y)\ m 

The description of the action of can be described in the same way using Lemma 
3.14| (d). We present this as part of the proof of 

Theorem 4.9 (Parametrix for the Heat Equation) There exists an element K G 
such that 

^ + 0^^ *ir = / + i?, i?GvI/-;i'i(X,E). (82) 

Proof. We start by solving the above equation to first order at tf. Applying Nn^tffi to 
both sides, we get first 



(-^Lji^ + A^Tx] A^H,tf,2(^2) = and / 



{NhMK2)/ dt) = l. 

't'TX/X 



This is to be understood as an equation on the fibres of "^TX. Writing NH,ti,2{K2) 

I't'TX/X 



k2 dt dvoUrx ix (and forgetting about the *^-index until it is really needed) we get 



-^(i?,^ + n) + A02.x)fc2 = 0, / k2dvoUTx/x 

2 J't-TX/X 
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Taking the Fourier transform in 'f'TX yields 



2(^^) + l^r)^2 = 0, ^2(0) = ! 



the solution of which is easily seen to be 

1 



exp(-||.||^/4) GxO^fibC^TX), 

which also shows that the solution is of order 2 at tff in the calculus. Thus the compatibility 
condition at the corner reads 

A^H,tfr,2(^2)tfntfr = (a;')~^^H,tf,2(^2)tfntfr = dr dvoUrx/x 

and the heat equation on the interior of tff is 

t{L^3_ + A,^9x + (D^'^)2)iVH,tff,2(i^2) = (83) 

dr 

Writing NH,ta,2{.K2) = dvoUjMQx/y dr we get the equation 

(|- + A.^,^ + (D^'^)2)A;f = 0, 



which is solved by 

fcf = v^"''"'e~"-"'^ex/4-([exp(-r(D'^'^)2)]/(^r/3|,_^ dvolM/v)- 
The compatibility condition at hbf fl tff is then 

e~"'"'*Jvaj>i:/^ ds 

^//,hbf,o(^2)|tfr = {x ) A^H,tfr.2(i^2)|hbf = — [Ho] — dvoU^ax/dx dt, (84) 

V47r ^ 



where [Ho] G C°^(M Xy M, END (g)/?^fi(M/y)) is the kernel of the projection onto the 
null space of D"^'^. Then (|8^ is the initial value for the problem at hbf. 

In order to solve the heat equation at hbf, recall that 



X 



D : C°°(X,E) C°°(X,E), xD|ax = D<^'^, and D : C°°(X, ^)° C°°(X, E). 



Thus for G e ^l^ ei (X) the expression a priori only lies in "^j^^^ (X). However, it 
follows from Lemma p.l4| (d) that Glhbf can be extended to the interior in such a way 
that D^G G ^ni'^iX) and 

D^GIhbf = (noDno)2G'o|hbf = 4(D)2G|hbf (85) 

It is then clear that the heat equation at hbf can be solved by choosing Glhbf more 
concretely, namely 

GIbbf = [exp(-t/,(D)2)] = [exp(-tD^)]^e-(''^(^))^/^* — , 

\/4:Ht s 
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and then use the extension which fulfills (|85|). 

Since the solutions at the faces tf, tff, hbf are compatible, we can choose an extension 

K2 e with 

NhmA^^) = dt dvol^,, NH,ts,2{K2) = kf dr dvoUNQx/y, NH,hM-v{K2) = go- 
This gives a parametrix, which solves the heat equation to first order at all the faces 

+ D^^ * = / + R2, R2 e v&^y (X). 

In order to further improve our parametrix at tf, we have to successively find Ki G 
il/g;r(X),/ = 3,4,... with 

Nti,i^i ((^ + D^) * Ki+,^ = -iVtf,n(i?0 e {x'f-'S{^TX, dt dvol^), 

and 

+ D'){K2 + ... + Ki) = I + Ri, Ri G vI/^i'°°(X), 
Again writing Nh±i,i{Ki) = ki dt dvoU^x/x and so on, we have 

(^(e^) + 1^1' + 1/2 - 1/2 + A)Q = fj G (x')^-'5(^TX). 
That this can be uniquely solved is the content of the following 

Lemma 4.10 Let f G S(R) and m > 0. Then there is a unique solution u G 5(R) with 

{{s-^) + 2s^ + m)u = f. 

Proof. First, the homogeneous equation 

d 

{{s—) + 2s^ + m)uo = 

OS 

2 

is uniquely solved by Uq = e""* s"*^. Writing u = UqUi we see that 

J = [{s—) + 2s + m)uoUi = uqs—ui. 

OS OS 

Thus Ui solves the equation 

—Ml = (suo)~V, 



i.e. u is of the form 



u = e-' S-™ / f{r)e' r™-^ dr, 

which is obviously in iS(R). 
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This also finishes the proof of the Theorem. ■ 

This result can be further improved by formally inverting the term I + R. From the 
composition formula, Theorem [4.6| , we get: 



Thus the powers R^ can be asymptotically summed, and the Neumann series 

oo 
k=0 

is valid in that sense. We can then define 

/sTsm := K{l + R)-^ = K + KRe'^'][^{X), with 

Hti = 2 + N, Hts = 2 + N, i/hbfCNxN, T{H^m) = {0}- (86) 

This gives a parametrix of the heat equation up to a smoothing remainder 

+ D^)K,^ = 1 + R,^, R,^ eC'^iXl, KDh). 

Now, as in the final step of the resolvent construction, the operator 1 + i?sm is a Volterra 
operator, which can be inverted and whose inverse (1 + -Rsm)~^ is again of that type. We 
have therefore shown 

Theorem 4.11 (Heat Kernel) The heat kernel for is given by 

K = K,^{1 + R,^)-' e^'^{X,E), n asm ®. 
Its normal operators at the different faces are (well defined and) given by 

(a) A^H,tf,2(K) = ^i^rexp(- ||.||^/4) dvoUrx/x dt 

(b) iVH,tff,2(K) = ^^z^exp(- /At) (it;o W/9x([exp(-r(D'^'^)2)] 

(c) iVH,hbf,o(K) = [no][exp(-tD2,)] 1 e-(i"(^))V4*f 



Remark 4.12 There are several possible extensions of this result which are not presented 
here, since they are not crucial to our argument. First, one can eliminate half of the 
coefficients in the expansion of the heat kernel at tf, by analyzing their behavior under 
the "flip map" in Xjj. This procedure is described in Chapter 7 of ||Me3|| . Also, direct 
analysis of the model problem at hbf shows that the heat kernel expansion does not 
exhibit log-terms at that face. Thus really, -ffhbf = N 

Still, Theorem [4.11| gives a rather crude description of the expansions of the heat kernel 
at tf and tff . Especially, it does not yet allow us to calculate the regularized heat supertrace 
at small times. For this, we have to introduce a reflnement of the heat calculus, which 
keeps track of the Clifford degree of the coefficients in the expansions. This will be done 
in the next Chapter. 
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5 Rescaled d-Heat Calculus 

In this Chapter we present a refinement of the d-heai calculus presented in Chapter |^. 
This "rescaled" calculus encodes the behavior of the Taylor coefficients of the heat kernel 
at tf and tff w.r.t. the Clifford filtration of the endomorphism bundle at these faces. This 
generalization of Getzler's technique (compare | |BGV| |) was introduced in | |lVle3| ] . A good 



description of this philosophy can also be found in ||DaMe|| . 



While the results in earlier Sections are independent of the parity of the dimension n 
of X we now assume that n = v + h + lis even. 



5.1 The Double Rescaling 

In this Section we show how the natural filtration by Clifford degree of the bundle END(ii^) 
over the faces tf and tff can be used to define a new bundle Gr( END) rescaled at these 
faces. First, we have to describe the Clifford action on END(i?) in more detail. 

Elements a G CIC^T*^) act on PIE via Clifford left multiplication and on P}^E* via 
Clifford right multiplication 

The right action can be turned into a left action, using the transpose map (■)^ on 

c\{'^T*xy. 

c.,«(a)/3^r = (-l)l"ll^*te*oc,(a)t. 

Since the fibres of '^T*X are even dimensional, the Clifford modules E and E*, as well 
as END(i?) are naturally Z2-graded by the action of the volume element in C1('^T*X). 
The idea of introducing a rescaling into our heat calculus is based on the observation that 
the bundle END(i?) over the heat space Xjj carries a filtration when restricted to the 
different faces. 

Lemma 5.1 At tf, tff andhhf the bundle END has the following form 

(a) END(E)|hbf = Cl(^) ® ENDci(4,)(^) 

(b) END(E)|tfr = 0* C\C^T*B\y) ® ENDci(bT.ij|^)(^). 

(c) END(E)|tf= CIC^T^X)® Endci(dT*x)(^) 

The restrictions of the connection V split accordingly. Note that (b ) is true indepen- 
dent of the parity of the dimension h of the base Y . Also, part (a) will be of no importance 
to us. We state it because its proof is exemplary for the proofs of (b) and (c). 

Proof. First, since the bundle END is just pulled back from x [0,oo[, it suffices to 
prove the above statements in the blown down picture. 

To prove (a), restrict to the face hbf. There, we can assume the coordinates x, x' to be 



paired (compare Section |2.1|) . For a section Q G r(X|f, END), homogeneous w.r.t. to the 



grading of END, we can therefore define 



[cAm :=c,(^)oQ-(-1)MQoc.(^; 
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Then 



Cd(— ), [cdi—),Q] 

X X 



which shows that the map 



Cd(— ), Q + Icdi—) o [Crf(— ), Q] 
X 2 X X 



^ { , dx. . , dx, ^\ / „ 1 , dx. . , dx, 
Q ^ - — o Crf — , g + g + -Cd — o [cdi — , Q] 
\ 2 X X J \ 2 X X 

has image in the RHS of (a), and is an isomorphism of algebras. This proves (a). 

Parts (b) and (c) can be obtained by iteration of this scheme using an orthonormal basis 
in C\{'^T*B) and C1('^T*X) respectively. The important observation is that an element a 
in r(y, ^T*B) can be lifted from the left or the right to tff, and we can define as above 

[c,(a), Q] := c,(/5^_^a) o Q - (-1)I«IQ o c,(/5 

and the same can be done for any a G r{'^T*X) at tf. 



h,r(^) 



To rescale the bundle End(£') we want to continue the filtrations at tf and tff to 
the interior using parallel transport along a normal vector field, and define the space of 
sections of our rescaled bundle as the set of sections, whose Ith normal derivative has 
degree at most / at the corresponding face. This encodes the (so far: supposed) behavior 
of the heat kernel at these faces. 

To explain the construction, assume for a moment that the bundle and the connection 
are trivial. A local basis for the rescaled bundle near tf fl tff could then look like 

dx 

PtiPts — , PtfPtflf c^y, ptfxdz{\), (87) 

X 

and (wedge-) products thereof. For simplicity of notation, we have also dropped the "co- 
efficients" END Qi(^drp*x){E), i.e. we have taken E to be the spinor bundle. 

In reality however, neither our bundle nor the connection are trivial. Also, we would like 
to avoid the choice of a normal vector field, at least for the mere definition of the rescaled 
bundle. The relevant connection on END(£') in our context is the lifted connection 

d_ 

and the associated curvature will be denoted by K. Also, recall that the identification of 
the faces tf and tff was based on the following identifications for A G r{^TX): 

T^/^PlAlti G Ttf/X with A G ^TX C T^TX/X (88) 

/32^|tff e Ti^/dX with N^{A) G T^NdX/Y. (89) 

Rescaling at tff 

We agree to write 

C4 = 0* a^'(^^*^|K) ® ENDci(br.B|y)(^) at tff 

for the filtration space in Lemma |5.1| . Our construction then starts from the following 
simple observations (not all of which are going to be used right away): 



f^kL^""'^ ® /^H.ijV^*''' ® Ph dt— : r( END(E)) ^ r(T*X| ® END(E)), 
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Lemma 5.2 (Basic Properties of the Curvature and the Filtration at tfF) 

(a) Let A be a vector tangent to tff . Then Va preserves the filtration of END at tff . 

(b) K(Tt{i, Oltff £ A^*tff ® Cljg whenever Tts is tangent to the fibres tS/Y . 

(c) (VAr-ft')(Ttff, f/tflf) G Cljg, /or Ttff, f/tflf tangent to the fibres tS/Y. 

(d) r/ie covariant derivatives of the curvature V^K are at most of order 2 at tf and tff. 

Proof. Since the connection V is the connection on END pulled back from X^, it suffices 
to prove (a) for vectors A, tangent to the fibre diagonal F^. In view of the proof of Lemma 
5^11 and the fact, shown in Lemma p..5K c) and ([TsD , that preserves the decomposition 
^T*X = '^N*dX © '^V*dX over the boundary, the assertion is then clear. 

For part (b) to (d), look at the decomposition of the curvature (and see the remark at 
the end of Appendix |A. 1| ) 

= ^Plc.iR") - ^P*nC,{R'') + PIF^/^''' + (90) 



Parts (b)-(d) then follow immediately from Proposition |1.14| . ■ 

As a first step in the rescaling procedure, we can now define the space of sections, 
rescaled at tff as 

AfT := {u e T{Xl, END)| V''u\,f, E {TX^f ® C^} . 

First note that, although it looks like this definition uses a connection on TXjj, a second 
look convinces us that no such choice is necessary. In fact, by choosing any vector field Ntg 
(strictly) normal to tff, and using the compatibility of the connection and the filtration 
at tff as stated in Lemma |5l^(a) and (d), we could also write 

Aff = {ue r(x|, END)| iVj,J'uy e c4} . (9i) 

As in ||Me3|] this is the space of sections of a vector bundle Grtff(END). We note this as 

Proposition 5.3 (a) Vts = r(X|f, Grtff( END)). 

(b) Grtff(END)|tf = C\{[''V*dX]) ® Endci(dT.x)(^) = C\{x^T*X) ® Endci(dT.x)(^) 

Proof, (a) is proved as in Chapter 7 of [ [Vle3 1 by writing down a local basis for Grtfr( END). 
To prove (b), we first check that sections in C1(['^1^*9X]) satisfy the condition in the 
definition (|9ll) of Vts- Note that for sections ai G T{[''-V*dX]) the derivative V^a^ still 
lies in ^T*X. Thus 

(Vjv)^ai A...Aai)\9xe A'^^' '^T*X A°^'-'=['^V*9X], 

and (Viv)^(crf(ai) . . . c^lai) is of order at most k at tff. The proof of the reverse inclusion 
proceeds by induction and is left to the reader. ■ 
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Let us describe the structure of the bundle Grtff(END) in more detail. To see what the 
bundle looks like at tff , note that the space of sections over tff is 

and the "denominator" space can be described as follows 

Lemma 5.4 ptffAff ^ {u E Aff I ^"ults e iT*Xj,\,s)'' ® Cl^V'}. ■ 

Thus choosing a projection P^ff of TXf^lts onto a subspace (or, if one prefers, a vector 
field i/te — Ptff/ d^) normal to tff, the map 

I > u\t{{,GT = {u\t{{, -PtffV-ultflf, ■ ■ ■ , ■^^, -Ptff(V^+^tt)|tff) 

yields an exact sequence 

Aff/Ptff Aff Aff c-(tff , efe(A^*tff)^ c4 / c4-^) 0. 

The vector bundle appearing on the right represents the restriction of Grtff( END) to tff. 
It will be denoted by 

ATA (tff) = Q^XA^tfT). 

However, the reader should keep in mind that the restriction map depends on the choice 
of projection Pig. 

We have chosen to keep track of the factors A^*tff for a while (and to remind the reader 
of this fact by introducing "A/"" into the notation as above) because this allows for an 
easy description of the induced connections: Denote by ^TtsXjj the vector bundle whose 
sections are vector fields over Xjj which are tangent to tff. Also ^Tts/yXfj is defined as 
the vector bundle of vector fields tangent to the fibres of tff — > Y. On A^tff we will use 
the (b-) connection 

V^*^ : r(tff, A^tff) — > r(tff, ^T^gXlltff ® iVtff) V^'^N ■= [T, N]. (92) 

The reader should note that this is only a b-connection, since for instance, [xN', N] — 
— {Nx)N'. However, we can restrict it to an action of TtS/Y on A^tff in a reasonably 
natural way, by using the inclusion map 

u IT 

[]:Ttff/F^^r;ffX|u, r^[r], with —{[t]) = o{x). 

We can now describe the connection induced on the rescaled bundle Grtff( END) and 
its representation under restriction to the boundary. 

Remark 5.5 It has been above this author's capabilities to devise a good notation for 
the following developments. A connection V will appear in two distinct functions, first 
as the connection appearing in the definition of the space of sections (e.g. Ptfr) or of the 
restriction map (e.g. |tff,Gr), second as the connection acting on sections of the rescaled 
bundle in question (e.g. Grtff ( END)). In the latter case, the connection will usually have 
to be restricted to a specific class of vectors (e.g. ^^Tig/yXfj) and will then be written in 
boldface V. As an additional piece of notation, we will write K := [V, V] and K := [V, V]. 
The complication with this notation arises from the fact that we have to rescale twice, 
thus the connections change their role in the process. 
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Using these conventions we get 

Proposition 5.6 Let T,U e T{%s/yX^). Then 



(a) Vt maps Vts to itself and thus induces a connection Vt = V^'^'"*^^ on Grtfr(END) 
with 



(VTM)|tff,Gr = (Vt - PtffK(T, ■) - ^PtffV.K(T, ■))(w|tff,Gr) =: '^T^'''\u\ts,G 

where Pts^T, ■) G AfA\tS) and PtfrV.K(T, •) G AfA\tS). 
(b) K(T, f/) G X'tff- -^^s (rescaled) restriction to tff is just the curvature o/ V"^^*-*^-* ; 
(K(T, ?7)n)|tfr,Gr = K(T, f/)|tff,Gr ■ w|tfr,Gr = K^'^(*fif)(T, f/) ■ n|tff,Gr. 

Proof. We make abundant use of the following commutator identity: 
Lemma 5.7 Let T G r(^Ttfr/yX|f), G TX|f . T/ien over Xjj 

(a) VrV(A^) = VtVtv - V^t,n] - K(T, A^) ^ = VV(T, A^) - K(T, A^) restricted to tffj 

(b) PtfrVrV - V^PtfrV is of order at tff 

Proof, (a) is just a consequence of our definition of V, K and For the proof of 

(b) consider 

VTV(PtfrA^) - VTPtfrV(A^) = ^ p,s[t,n] - ^[t,p,^n] 

This is of order at tff, since it is covariant differentiation w.r.t. a vector tangent to tff 
as can be seen from 

Ptff([T, PtffAT] - Ptff [T, N]) = Pts[T, PtsN - N] = 0. 

This finishes the proof of the Lemma. ■ 

The proof of part (a) of the Proposition now proceeds as follows: Let u eT>. Then using 
the identies from Lemma |5.7] we get modulo lower order at tff: 

^Piy^)VTU = ^VTPiV')u~PK{T, .)^^^P{V'~')u~{PVK{T, .))^^^P{V''^)u. 

Higher derivatives of the curvature do not contribute because of Lemma |5.2| (d). 
To show (b), note that is clear from Lemma ^]2| that 

K(T, f/)|tff G C4, {VnK){T, U) G C4, 

all the higher derivatives being of order at most 2. Thus K(T, U) is in fact an element in 
Ptff- The first equality in (b) is now an immediate consequence of Leibniz' rule while the 
second equality can be obtained by playing around with the definition in part (a): 

IV 5 J ■ ^|tfr,Gr — ~ ^ [T,U] J ' ^Itff.Gr 

= [(VtV[/ - V[/ Vt - V[T,U])u] \tS,Gr 
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which is just (K(T, f/)u)|tff,Gr- ■ 
Rescaling at tf 

In a second step, we now want to rescale the bundle Grtfr( END) at tf using its induced 
filtration as described in Proposition ^Tslfb) 

Clff ^ a'=(x^r*X)® Endci(dT.x)(i^), 



over tf and the induced (partial) connection V described in Proposition |5.6| . To do this, 
we need the following addendum to Lemma |5.2| , which shows that the filtration and the 
connection are compatible: 

Lemma 5.8 (Basic Properties of the Curvature and the Filtration at tf) 

Let A, Ttf, N E r(^rtff/yX|f). Then 

(a) Let B be tangent to tf. Then = V^'^^*^^ preserves the filtration of Grtg(END) 
at tf. 

(b) K(Ttf, A^)|tf = whenever Tti is tangent to the fibres of tf X. 

Proof. Again, since V'^''^'-*^-' is induced from v^^°, away from tff it suffices to prove (a) for 
vectors B, tangent to the diagonal A x 0. In view of the proof of Lemma and Lemma 
|L^(c) and (plSf)) the assertion is then clear. For (b), just note that Ttf can be thought of 
as being of the form r^^'^PlV for V G T{^TX). Away from tff ( pOD then implies 

K(Ttf, AT) = K{(31t'/'V,N) = t'/^K{(31V,N), 

which is obviously when restricted to tf . The assertions extend to tff by continuity. ■ 

Now the space of sections of the bundle rescaled at tff and tf can be defined, using a 
vector field Atf normal to tf but tangent to the fibres of tff: 

V = l?tff,tf := {u e AffI {"^NT^fuUi e Clff} . 

Again, this definition gives the space of sections of a vector bundle Gr(END) and is 
independent of the choices made: 

Proposition 5.9 (a) V = T{X^, Gr( END)) . 
(b) V={ueT{ END)| V'^nltfr G (T*X|,)'= ® C4, V'^ltf G (T*X|,)' ® Cl^ . 

Proof, (a) follows from iterating the argument in the case of a simple rescaling, (b) 
follows from Lemma ^]8| and the fact that V^""*-**^^ on Grtff( END) is just induced from the 
connection on END. ■ 

From now on, part (b) in this Proposition will be our preferred definition of V. 

The rescaling Grtf (A/'A(tff)) of the bundle AfAt^ at tff fl tf can be defined in the same 
way, using the connection V-^^'-*^-' and the filtration at tf fltff induced from Lemma p.3| (b). 
The description of the bundle Gr( END) over the faces tf and tff then follows the lines 
set out above: The space of sections over the faces F = tf , or F = tff is given by 

V/ppV, 

which can be described using 



5.1 The Double Rescaling 



85 



Lemma 5.10 ppV = {u e V\ W''u\f G {T*Xfj\Ff ® Cl^" }• ■ 

Then choosing projections P = Pp of TX]j\f onto a normal subspace to F - of course 
Ptf needs to be tangent to the fibres of tff - the maps 



u 



u\ti,Gr = iu\tu PtfVwItf, . . . , ^Ptf(V''u)|tf) 

M|tfr,Gr = (ii|tfr,PtfrVu|tfr, • • • , jhTTYPts(y^^^u)\ts) 



give exact sequences 



P/ptff V^V C°^(tff , Grtf (ArA(tfr))) 0, 

— > V/ptfV — >V^^ C°°(tf,ArA(tf)) — > 0, 

where we have written ^^A{t^) := 0fc(A^*tf)'= ® Cl'^J C\'^f\ Of course, there are also 
induced restriction maps 

|tfr,Gr : C°°(tf,ArA(tf)) ^ C°°(tf ntff,ArArA(tf,tff)), 

|tf,Gr : C°^(tff,Grtf(A/'A(tff))) ^ (7°°(tf ntff,A/'A/'A(tf,tff)), 

defined by 

w|tff,Gr = (■^Ptfr(V%)|tff),=i,...,h+i and u\ti,Gr = (■^Ptf(V^^(*^))-'M|tf),=i...,n. 

The vector bundle on the RHS is 7V7VA(tf, tff) = 0^^i7V7VA'"(tf, tff). Its part of grade 
m is defined as 

{N*t{)'^ ® \^.^^^^A3^V*dX ® (Ar*tflF)' ® AV*^r*p] ® ENDci(dT.x)(^)- (93) 

The restriction maps have been defined in such a way that restriction to the corner tf fltff 
is well defined independent of the order 

■"Itfntf.Gr := ^|tfT,Gr|tf,Gr = 'w|tf,Gr|tfT,Gr- (94) 



Defining the (b-) connection on A^tf in analogy with (p^ ) the analogue of Proposition p.6| 

reads 

Proposition 5.11 Let T G r(*Ttfj/ytf/x-^|f); i-^- T is tangent to the fibres tf/X and 
tff/F. Then maps V to itself and thus induces a connection = V^'^ on Gr( END). 
Restricted to the faces tf and tff this has the form 

(a) (VTM)|tf,Gr = (Vt - |PtfV.K(T, ■)){uy,Gr) =: V^'"^''\u\ti,Gr) 

(b) {VTu)\tS,Gr = (Vt - PtfTK(T, •) - iPtffV.K(T, ■))(w|tff,Gr) = V^''^'''\u\tS,Gr) 

(c) {VTu)UtiGr = (V^^^(*^) - lP,fV^^(*'^)K^^(*ff)(T, ■))(Htfrntf,Gr) 

Proof. As in Proposition p.6| this follows from the commutator identity in Lemma p.7| 
and the properties of the curvature described in Lemma ^.8| . In addition, one has to verify 
that the term V.K(T, ■) (is of order 2 and) preserves Cl(x^T*X) at tf ! This will follow 
from the more concrete calculation of this term in Proposition |5.16| below. Note also that 
K(T, ■) vanishes at tf. ■ 
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5.2 The Rescaled Calculus and Normal Operators 

Using the rescaled heat bundle Gr( END) we can introduce the corresponding "coefficient 
bundle" 

CBg := Gr( END) (g) KDj^. 
It is then straightforward to define the rescaled heat calculus as 

for / > 0, m > 0,p > —V. For / = 0, we set 

E) := pTe pIm CZf^M^H, CBa) 
and we remind the reader that A €(7^ tff hbf (^lr> CBg)*^ satisfies the mean value condition 

J'I'TX/X C''^ 

The notation [j*^ is meant to indicate the order 0-part of the restriction. As usual, there 
are definitions for the extended (rescaled) calculi. 

The rescaled heat calculus is a refinement of the usual heat calulus in the sense that 
we have an inclusion of the spaces of sections 

^g-/(X,E)cvl>^-f(X,E). 

Therefore the action on sections and the composition of rescaled operators is well defined. 
It is important to know, however, that the composition of rescaled operators is again a 
rescaled operator. It is an advantage of our invariant definition of V that it allows for a 
relatively easy proof of the following refinement of Theorem ^]6| for rescaled operators: 

Theorem 5.12 (Rescaled Composition Formula) Let _Rtf,^tf > 0. Then composi- 
tion gives a map 

with index set given by 

= (Lhbf + -Rhbf)U(LtfT + -Rhbf)U(Lhbf + Rts) 

Mtff = Ltff + Rts, Mtf = Ltf + Rti 

Proof. We do not give the details of this proof here. Basically, the bundle END(£') on 
X|f can be lifted to Xf^ from the left and the right, using nH,L, 7Th,r- Composition of 
endomorphisms gives a well defined map 

vr^,^ END(E) ® vr^,^ END(E) vr^^,, END(i5;). 

The connections used in the definition of the rescaling can be lifted to Xfj in the same way. 
Using compatibility of these connections with this product, as well as with the pullback 
and pushforward operations, the proof then boils down to Leibniz' rule. ■ 
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Normal operators for our rescaled heat calculus can now be defined in complete analogy 

G,c\ 



with Section [4.3|. For A G define the normal operators of A at the faces tf and 



tff by 



A^G,tf,/>o(^) 
NG,ti,o{A®c) 



t'-'/'A|tf,Gr e pTf' C'S(tf,tKD^ ® A 



\tf 



C 



(X 



'A 



I p—v—m 
tflf.Gr G Ptf Phbf 



CtT,hbf(tfF,KD^,®Grtf(Atff)). 

Our aim is to construct the heat kernel for in the rescaled calculus. This means that 
we have to describe the action of tD^ and on T) at the faces tf and tff. To see what 
this requires, consider the Lichnerowicz formula for D"^ 

t{D''f 4 tpig-,\V, V) + + tc,,^(/52F^/^''^), (95) 



where the notation is meant to emphasize that we are looking at the operator lifted to 
X'jj from the left. Thus we will have to calculate the normal operators for 

d _ 



t 



df 



(96) 



As in Proposition we will show that all of these operators map I) to P in an appro- 
priate sense by calculating their commutators with V'. 

Let us start with the analysis of the action of V. The main point is to calculate the 
curvature terms in Proposition |5.11| . However, instead of considering the action of general 
sections in ''Tts/Y,ti/x^H ^ we now restrict to the special class of sections of the type 

(97) 



The essential property of sections in W is that they are tangent to the fibres in tf /X and 
tS/Y. At tff this is also true for sections in (3*fjif'TX, which is why we will occasionaly 
drop the factor r^/^ on the RHS in (0). Restricting to the class W allows us to make sense 
of the formulas in Proposition |5.11| on all of X'jj and to follow the conventions described 
in Remark more consistently. Thus, allowing from now on the shorthand /3l ~ 
we introduce the following notation for our connections: 

• V describes the action of TX'jj on >V and END(i?) and represents the connection 
used in the definition of V. 



d 



V : r(W) ^ T{T*Xfj ® W) with VNt" f^lV = t''' (31V''(31V and V^t— = 0. 

V describes the action of W on TXfj and END(i^^). It represents the connection 
used in the definition of our operators acting on V. 



V : T{TXl) T{W 
d 



TXjj) with 



V, a AT = [t^, N] and V,./.^.^yN = t'/' PlV% PIV + [t'/'PlV, N] (98) 



at 
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It is easy to see that these definitions are compatible with the definition (|92|) of V^*''^ in 
the last Section. Note that the (6-) connections on iVtf and A^tff are curvature-free by the 
Jacobi identity. Also in some cases they are rather easy to calculate: 

Lemma 5.13 Let a E T{T*X), [(f)*Lu] e T{[H*dX]), let W e r(<^TX) and A G 
T{[^NdX]). Then PaPla G A^*tf, Ptff/32[V^] G A^^tff and 



(a) Vf;/4^^(Ptf/?I«) = a{W) dT^'\ and V^l'^PtiPla) = 

(b) V™(Ptff/3£[0*u;]) = ct>*uo{A/x) dx, and Vf;*«^(Ptfr/32«) = 

"^i^ at 

(c) Vf;/^.^^ = and Vfa*^ dr^l^ = \ dr^' 

(d) V™ dx = and dx = 0. 

Proof. As an example, let us do the first part in (a) (leaving out the ubiquitous PI): 

V,r/2wa (N) ® T'/^Wa{N) - a (^t'^^xV^^W + [r'^^W, N]^ 

da{T'/^W,N) + Na{T'/^W) dT'/\N)a{W), 

where, in (*) and (**), we have used the fact that r^/^ vanishes at the face tf. ■ 

In order to make the calculation of normal operators look as invariant as possible, we 
will consider rescaled "calculi" with coefficients in W and W*, the definition proceeding 
just as before. Also write IK = [V,V], which is the restriction of the curvature K to 
r(W* ® T*Xjj (g) END(P)), and similarly K = [V, V]. We can now restate Proposition 
|5.11| as a refinement of Proposition [4.7| : 

Proposition 5.14 The maps 

have the following general form when restricted to the different faces 

(a) NctiA'^A) = (V - '^P,iVK)NG,tfM) = "^^""^''^ N^tiA^) 

(b) NctsA'^A) = (V - PtffK - iPtffVK)iVG,tff,„.(A) = V^''^'^'>NG,ts,m{A) 

(cj r^G,tf,i-2{stA) - I _ 1 ^^^^ +2-1- mcMA) © - Lrx/x NhmA^) for 1 = 2 

(d) NG,tS,m-2{^tA) = L^NG,tS,m{^) 

Here N denotes the number operator in Atf. Note also that V^0*^ dr^^'^ = 0. 



5.2 The Rescaled Calculus and Normal Operators 



89 



Proof. This is really just a reformulation of Proposition |5.11| . For (c) and (d) just recall 
that we now also have to consider the action of on A^*tf and A^*tff, which is 1/2 on 



A^*tf and on A^*tff according to Lemma 5.13 



For the calculation of these curvature terms it will be useful to list some further prop- 
erties of the curvature K at the faces tf and tff . It has been shown in Lemmas ^]^(a) and 
(a) that 

K{Tti, ■ )|tf G iV*tf ® Cl?f / C\l, and K{Tts, iV*tff ® / (99) 



are well defined for vectors Ttf, Tts tangent to tf, tff. Using the identifications (|88| , |89|) we 
now show a more precise result: 

Lemma 5.15 (More Properties of the Curvature) For the faces F = tf, tff, let Tp, 

Np he vector fields on Xjj tangent respectively normal to F. Also, we assume that Tp are 
lifted from vector fields on X| x [0, oo[ tangent to the blown down faces F. 

(a) JC(Ttf, A^tf)Ue'^TX = 

dr'^/'^{Nt{)K{Tt{,PlA) modulo Cl^ 

(b) K{T,s,N,s)\ B&'t-NdX — 

dx{N,s)K{T,s,\(3l[B]) modulo C\\^. 
Here [B] denotes a choice of extension of B to \^NdX] . 

Proof. The proofs of (a) and (b) follow the same pattern. To prove (b), note that 

i^(Ttff,iVtff)| C4 . (100) 

This can be seen by looking at the map vr flipping sides in Xfj. Since, by assumption, 
the vector Ttg is lifted from a vector on x [0, oo[, tangent to F^ x {0}, we can restrict 
ourselves to the following situation: 

7r(A^tfr) = ^tff and vr(Ttfj) = T^q + VF^ at the zero-section of tff — ^ F^. 

Using (b) above, we get 

ir(rtff,iVtff) = -i^(7r(Ttff),7r(iVtff)) G -K{T,^,N,^) + C^, 

which proves (|100|) . It now suffices to calculate the derivative of /^(Ttfj, ■) in A^^ along 
the fibres of tff. But from (pOD, the assumption on Ttg and Corollary pTT] , this is just a 
linear combination of sections of the type 

I3l[cp*u]®pii, /?^[0*cu]®/?^,e, with [<p*u]eV{x,[H*dX]), e e r(x, End(E)) 

Thus for B G "^NdX representing a point in the fibre, we can use Lemma |5.13| (b) (and its 
analogue for sections lifted from the right) to get 

(V;3.Bi^(Ttff, ■))(A^tfr) = dx{N,^)K{T,^,-[PlB]), 

Ob 

which proves the claim. ■ 

The curvature terms in iVG tf(V), Nc^tai^) can now be calculated. Readers, who feel 
uneasy about the signs or the different factors of x in the formulas should (hope that the 
author has made no mistake and) consult Definition |1.12| and Appendix |A.1| . 
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Proposition 5.16 (a) Using the identification we have for A G '^TX 

(PtfVK)(-, r^XA ■)U,rx = ( dr'/'f^ e,[{x'R%, ■){B + z.^ |o), A)^] 

Here i^tflo t/ie vector field Ptf/ £^t^''^ at t/ie zero section in '^TX. 
(b) Using the identification of we find for W G '^TX 

1 



BG't'NdX 



dx{ed,Cd){{xSd{W)-,-)^) 



-\dx 



dx. 



(£,, Cd){S^{Wyr)ci + e{—)cd{W/ 



XI 



X 



G A\tS) 



covariant constant along the fibres tff / 
(c) Let A G r('?^A^9X). Then 



.1 



{P,f,VK){;f3lA,-)U,Ndx = {dx)^-ed[{<P*R'''' 



dxf 



){[B]+xuM,[A]), 
R'''\.,.)[B],[A])^]+Q,s{A)] GA^(tff). 



Here, t'tslo; is the vector field Pts/ dx evaluated at the zero section in tff 

and [Al\ , [B] denote choices of extension of A, B into [^NdX] . The result is clearly 

independent of that choice. 



(d) Now let V G T{VdX). Then 

')B£'t'NdX 



dxf{sd,Sd){x'^^^{-,-),V)^ 
dxY{ed,ed){n,ji;-),V)M,b] ^'W- 



Again, this term is covariant constant along the fibres tS/F^. 
Note that, except for the term in (b), none of these terms contain a £{-^) -contribution. 

Proof. The proof of (a) at tf is easy. First, recall again tliat 

K{T^/^f3lA, N) = t'^/^K{(31A, N) 
vanisfies at tf since r^^^ vanislies tliere. Tfius 

(Ptf VK)(iV,r 1/2/52 A, iV) = dr'/^{N)KiPlA,P,tN), 
and we can calculate the derivative along the fibre as in the proof of Lemmas [5.8|(a) and 



5.15. In this case, however, the constant term along the fibres does not vanish, accounting 



for the term QtsiA) in the formula. Now using (|90|) and writing 

gdiR'iAB);-) = g4x'R\;-)B,A), 
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gives the result. 

It remains to show that the RHS in (a) really is an element in Cl^f. This should be 
clear for the linear term in the fibres by Proposition [5.6| (c). It is also true for Qtf{A), since 
Pti is tangent to the fibres tS/Y, and can therefore be written in the form = (3*^C + xN 
for C G V{^TX),N e V{TX). Then 

Q,,{A) = KiPlA, iPlC + xiV)|oe.rx) = xKiPlA, N) + Cl^ 

but the order-2 part of K{PIA, N) is seen to be in xh?'^T*X in part (b)! 

Part (b) follows from ( PU] ) and Proposition |1.14| (a). The proof of (c) is completely 
analogous to (a) once we restrict ourselves to A,B & '^NdX with extensions [A] , [B] in 
['^NdX] as stated. Then again 

{P,sVK){N,(3lA,N)y= dx{N)K{-Pl[A],P,sN), (101) 

and the result follows by calculating the derivative along the fibres as in Lemma ^.8| (d) 
and Lemma Finally (d): For V E VdX, ^1,^26 'f'NdX the term at tff, 

Wn^N^PIV) = ^Plc,{{ViR')iV,N)), 

was calculated in Proposition |1.14| (b). ■ 

Having described the role of the conormal bundles A^*tf and A^*tff , and used them in 
our calculations, we allow ourselves to assume from now on that 

N*ti is trivialized by dr^^^ and N*tS is trivialized by dx , 



to simplify our formulas a bit. Then, recalling Lemma the rescaled bundle tf looks 
like 

A(tf) = A{x''T*X) ® ENDci(dT*x)(^) — ' *TX. 

Also, V restricts to the fibres of tf — X as the trivial connection ( c^end, d4>Tx/x)- The 
rescaled bundle over the interior of tff (i.e. without the second rescaling) looks like 

A(tfr) = A{(f)*''T*B) ® ENDci(0.i>T'X)(^) — ' ^NdX Xy dXx]0, oo[,i/2. 

The induced connection on the fibres tS/Y is trivial along the fibres of p : 
<^X9Xx] 0,00 [,1/2-^ dX. One could write it as (p*Vj^^°'^ J9*V^^^^). 

Corollary 5.17 (Explicit Form of the Induced Rescaled Connection) 

Denote by x, y the linear variables in the fibres of^TX and '^NdX respectively. Then for 
A G '^TX, B G '''NdX and W G VdX 

(a) = l{A) ^end -\e[{x'R'{-r)^,A)^] - lQ,,{A)) 

(b) = V^^''''-lie,,vc,){S^{Wyr),-ls,ix'{n^i-r),W)^) + le,{^^^^ 
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(c) Vf = l{B) dEND -le,[{^*R^'\;-)y,B)4 - |Qtff(i?)). ■ 

Let us now describe the action of the Chfford action and of the metric in (196|) . 
Proposition 5.18 The metric gives a map 

such that, in view of Ncaitg^^) = 9^tx/x "-^^ ^G,tfr(tfi'd ^) = Tg^Ndx/y ■ 

To describe the Chfford action at tf and tff, we use the partial Chfford action on 
A(tff), given for a G '^T*X by 

md{a) := c^iya) + £d(na). 
Also, we recall that the map 5^ : x^T*X\qx '^T*X\qx was described in Lemma |1.9| . 

Proposition 5.19 The (left) Clifford action of an element xa G T{x^T*X) = 
T{[''-V*dX]) gives a map 

R restricts to the faces as 

(a) NGMT-'/^Plc,{xa)A) = dr^^ s{xa) o NgM^) = e{xa) o N^tiM) 

(b) NG,ta,m{'r^/^Pl(^d{xa)A) = T^/\cd{xya) + dx s{ha)) o NG,ts,m{A) 

^T'/''m,{6h{xa))oNG,ts,m{A). 

Proof. Part (a) follows from the fact that T^^'^PlCd{xa) vanishes at tf and 

Vi^'^'^'V/2/32c,(xa)|tf = dT'/'{N)(3lc,{xa)y + r'/'V''^''''(3lc,{xa)y, 

where the last summand again vanishes at tf. To prove (b), first note that r^/^c^(xa) 
restricts as T^^'^Cd{xva) at tff. The first order contribution of T^^'^Cd{xa) at tff can be 



calculated using Lemma 1.11 



as claimed. 

A slightly different formulation of the last result will also be of some use: 
Corollary 5.20 At tf , the rescaled restriction to the corner is given by 

(a) Itff.Gr = n^do6H■. Clix'T^X) ClC'V^dX) ® A<P*'T*B\ax m Grtff(END), 

(b) Itfr.Gr = 5h : A(x^r*X) — . A^T*X|ax m Gr(END). 
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We are left with the analysis of the behavior of the scalar curvature term tnx in (|96D. 
Now near dX we can write, using Corollary [l.T] 

tKx = t tTaa'i{igd^)bb', aR'^i'a', ■b)b')) 

= T tr„,,((((7^i)6,^,v/?<^(-,,,-,)vfe,)) +r tr„,,((((7^^)66',a0*^''''(-a',-6)6'))-(lO2) 

This is a C°°-function on Xjj, which vanishes at tf. At tff the second summand on the 
RHS vanishes, since the curvature (j)*R^''^ vanishes when evaluated on a vertical vector. 
Since the i?^-term in (|20|) also vanishes on vertical vectors, we are left with 

tuxltf = 0, tKxlts = TKm/Y- 

Putting everything together, we have found the following description of at the different 
faces: 

Corollary 5.21 The square of the Dirac operator gives a map 
with 

(a) NcAt^') = NcAtW) = ^^^''^) + e.ix'F'^m., ■)) =: H 



X 



(b) NcMt^') = NcMtW 
-1 

^'t'NdX/dX V ^ 

+^ {9M/Yi^''^'^\ V^(*^)) + ^ + m,(5,(a;2FW(., ■)))) =: rB 



^^'t'NdX/dXy^ J --TI-Lb 



^ A(tff) 

Remark 5.22 Using the definition of V given in Corollary |5.17| we set 
§^ - S-J,ri^-'"'\ V'^'"') + ^ + m.(4(x^F-/«(.. ■)))■ 

Then (truly) commutes with s{-^) and we can write B^ as 

dx 



X 



D"^'^ - 7;i^d,£d,Cd){xB^{-, ■), ■)d - hsd,ed,Cd){xn^{-, ■), ■)d 

Z o 



(103) 



Recall that our model space ^NdX Y can be identified with ^HM — ^ Y using the map 
5h. Also the Clifford algebra C\{'^T*X\dx) will be identified with CI{''T*X\m) in that way. 
Using Definition |1.12| and Lemma p..l3| we find 



nM = x'n^, ''xSm = S^ + -B^\ R"^ =(t)*R"^\ m = mdo5hOx. 

In the case = 0, for instance if is a product near the boundary, we thus have 
5*0 = xSm and B^ = A^^-, i.e. ( [LQ3| ) is of the classical form. 
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Proof. These are direct consequences of the Lichnerowicz formula ( pS] ) for the Dirac 
operator D"^ and the calculations made in the above series of Propositions, especially ^.14 



and 5.1C. To see that we can use the Dirac operator D instead of D, note that by the 



Lichnerowicz formula and Lemma |1.6| (c) the difference of their squares: 



vanishes at tff and tf . 



5.3 The Rescaled Heat Kernel and the Index 

The aim of this Section is to prove an extension of Theorem ^]9| in the rescaled heat 
calculus. We start writing down the solutions of the model problems at tf , tff by adapting 
the results in Appendices |A.4| and |A.5| to our setting. 



Proposition 5.23 (a) The heat kernel for Ti 



X 



K„^(x, t) := p{x^R\ X, t) exp(^(x'i?'^ • z/tf |o, x)^) exp(-x2F^/^'^) dt dvohrx/x 
is in ^j(''^TX/X, A(tf)) with normal operator at ii{^TX) = tf(X|f) given by 

iVG,tf,2(K7^x)(x) = pix'^R",^, 1) exp(^Qtf(x)) exp(-x2F^/^''^) dt dvoU^x/x ■ 

Recall that (5tf(x) = {x'^R'^ ■ z/tf|o,x)(^. 
(b) The heat kernel for Hb 



KwB(y,^) :=p(0*/^^'^y,r)exp(^Qt^I(y)) dr dvohNdx/ax 



..,2,0 

IS m 



\E'^g^j(''^A^5X/(9X, A(tff)) with normal operators at tf = ^NdX and ti given by 
^G,tf,2(Kws)(y) = P(0*^^'^y, 1) exp(^Qtfr(y)) dr dvoU^dx/dx, 

^kti,o(Kws)(y) = V47r ^ ^ exp{-\\yf/4:) dr dvoUNdx/dx ■ 

Recall that Qtsiy) = {x(f)*R^''' ■ i^ts\o,'y)<t,- ^Iso, the notation N'q^^ is used to remind the 
reader that these are the normal operators defined using t as the temporal variable as 
in Appendix \A.4\ - Also, we emphasize that all the normal operators above commute with 

dx \ 



£ 
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Proof. We prove (a) using (the generalization to families of) Proposition |A.8| . The con- 
nection for A G *TX, appearing in the definition of Tix was calculated in Corollary 
5T7|(a): 



= t{A)dE^n-^g^Tx/x{x'R%,-)^,A)--Q,,{A). 

This is of the form required in Theorem |A.7| with R = x^R^ and q = Qtf- The underlying 
vector space W is any fibre of the bundle ^TX X, the metric gw is given by the fibre 
metric g<PTX/x and the coefficient algebra A is h!^^ {x'^T* X) ® END ci(dr.x) (-£")■ ■ 

Theorem 5.24 (Rescaled Heat Kernel) The heat kernel for is an element 

Kg^2(^>^)> 7^ = (2 + N,2 + N,0 + i7hbf) asm (HI). 
Its rescaled normal operators at the different faces are (well defined and) given by 

(a) iVG,tf,2(K)(x) =p(x2i?^x,l)exp(iQtfr(x))exp(-x2F^/^''^) dtdvoU^x/x 

(b) iVG,ff,2(K)(y,r) = Kw,(y,r)/ dr ■ \i^.{T) 

= p(0*/^^•^y,r)exp(|Qt^r(y)) dvohNdx/ax Kb2(t-), 

(c) iV^,hbf,o(K) = [no][exp(-tD2^)]-;i=je"(i-(^))V4*^ 



Proof. The solutions at the faces patch together because of Corollaries |1.7| and |5.2(]| . 



We thus get a parametrix which solves the heat equation to first order in the rescaled 
heat calculus. This is transformed into a parametrix with a smooting remainder using the 



Composition Formula |5.12| . Then a final inversion step as in Section is performed 



Remark 5.25 As in Theorem [4.11| , we can show that i^hbf = N. In the following para- 
graphs we assume that we have shown the Theorem in this form, if only for reasons of 
notational simplicity. 



The Regularized Supertrace 

Let us note what we have achieved w.r.t. the local supertrace of the heat kernel by 
introducing the rescaling. Denote again by /\h the lift of the diagonal Ax x [O,cxo[ to 
Xjj. First, using our notation for blowups we get 

Ajy = [X X [0,00[,1/2,9X X {0}]. 

The behavior of general elements in the rescaled heat calculus w.r.t. the local supertrace 
is now described in parts (c) and (d) of the following 

Lemma 5.26 (a) tKD^U, = r-"/^/^^^ ,,*fi(X) dt = pI^mV^ "Vt7/31,,i?^(^) dt 
(b) str : ^f^\X, E) p^^.p^^-'p^-C^iA^, Pl^^n^) dt) 
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(c) str : vl/^2'0(X) C^{Ah, Pl,,n'^{X) dt) (= tC7-(A^,, A^))) 

(d) fil,,R'm)WnAn = 'm), f3X,,R''m)\tmA, = ^^{dX) = ^^](tff). . 

Of course, an element L{t) G C°^(A/^,/5^ j^^Q{X)) will in general not be integrable for 
fixed t = T. We therefore have to consider the regularized integral 



reg / x^L(T), 

2=0 Jx,T 



as in Section 3.8. There we showed that the limit of the regularized supertrace 



Strd(K(T)) = reg Str(x"K(T)) = reg [ str(K(r))/ dt 

2=0 2=0 Jx,T 

of the heat kernel at large times equals the extended L^-index of D, denoted by ind_(D). 
To analyze the behavior of this supertrace for small times we have to improve Lemma 
5.26| further: 



Lemma 5.27 (Small Time Limit of the Heat Supertrace) 

(a) The local supertrace str(K(t))/ dt e C°°{Ah, P}:,^^ r^{X)) vanishes in tf fl tff and 

tffnhbf. 

(b) hm Str,(K(T)) = lim regj^x^ str(K(T))/ dt = J^^^^^ M^s + LnA^ M^i, 
the RHS being well defined because of (a). 



Proof, (a) follows from the fact, proved in Theorem |5.24| (a) and (c) (see also the remark 



in Proposition [5.16| ), that the restriction of K to these corners contains no contribution of 
type Thus the supertrace has to vanish there. 

To prove (b) we localize around the corner tf fl tff (the argument at tff fl hbf is even 
easier), where we can use the coordinates x and r^^^. Then, using the vanishing at the 
corner shown in (a), we can calculate the T — > 0-limit as follows: 



reg / X a(x, ) = / a(x, ) = - / 0(^7^, r ' 

z=Q J X X J XX J t'" 



1/2 ' ^ ^1/2 ' 



for a G C^([0, oo[x [0, oo[) with compact support and a(0, 0) = 0. We can decompose 
a = b + ai + a2 such that b vanishes at {x = 0} U {t^^"^ = 0}, and ai = a(0, r-*^/^) and 
02 = a{x, 0). Thus 

reg / x^a(x, ) — = / 6(x, ) h / a(x, 0) / a(0,r^/^^ 



2=0 J ' X ' X J ' X ' X J ' X J ' r^/2 

T-+0 



. dx f , 1/9, dr^/^ 
a(x,0)— - /a(0,rV2)-^, 



which proves the claim. 
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We can now calculate the (extended L^-) index of D (resp. the extended L^-index of 
D"^), using an extension of the McKean-Singer formula. Starting from (|67D we have 



ind_(D) = lim reg Str(a;"K(T)/dt) 

POO g 

= lim leg StT{x'K{T)/ dt)+ reg — Str(a;"K(T)) (104) 

T^O 2=0 Jq 2=0 oT 

For the second summand, we apply the usual trick: 

A Str(x^K(T)) = 1 StT{x^[D, D]K(T)) = 1 Str(x^[D, DK(T)]) 

1 1 dr 

= - Str([D,x^DK(T)] - [D,x']DK{T)) = -- Str(zx^Crf(— )DK(T)) 



The integrand in the second summand in ( p.U4| ) therefore becomes 

-- res Str(x^c,(— )DK(T)) = -- / str(iVH,hbf,o(cd(— )DK(r))) 

/ z-O X I J QX X 

= -\! tr (eIi.c,{^)Py + c,(^).i[exp(-TD^)]^ 
2 Jqx \ X X ds y/Airl 

1 r dr 
= --rr^ tr(6noC,(— )D^[exp(-TD^)]) 
4vvri J ax ^ 

^ / tr^(ec,(^)Dy[exp(-TD^)])=:ir/(Dy,/C,T). 
/ttI Jy X A 



4' 

This is the usual eta-integrand for the operator Dy, see for instance |[Va|| . Note however 
that the underlying vector bundle K. ^ Y is graded by e and not just = Sbrp*^. Also 
recall from Section that Dy might have a rather complicated structure in general. In 
any case the eta-term vanishes when h + 1 is odd, since 

tr^(ec,(— )Dy[exp(-TD2^)]) = tryc(e e| Crf(— )Dy [exp(-TD2^)]) 

X X 

dx dx 
= tr^(eBeeBCd(— )Dy[exp(-TD2.)]) = - tr^(e Crf(— )Dy [exp(-rD2.)]). 

X X 

We have used that Crf(-^)Dy [exp(— TDy)] is even w.r.t. and that ee^ = — e, when 
h + 1 is odd. 

The calculation of the other summand in (|104|) is straightforward, using Lemma [5.27 . 
Recall that Qt{{0) = as well as Qts{0) = 0, so the corresponding terms in Theorem 5.24 
do not contribute in the supertrace: 

Lemma 5.28 The contributions at tf and tff are 

(a) stT{K)/dt\,inA„ = V2m~\op^,T*x[MR'') Ch(F^/^''^)] 

(b) str(K)/ dtltsnA^ = V2m~'''\opj,,T^j,[A{R'')T~''^/^ stTE/Biev*ax ^B^ir))] 
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Proof. First, at tf= <^TX the density factor looks like r^/^tKDHltfnA^ = '^Vt{X) dt. 
Therefore 

avoidrp*x 

= v^top^^T*x[p(^',0,l) strs/5(exp(F^/^''^))] 
= V2^""top^,y,^[A(i?^) Ch(F^/^''^)]. 

In (b), using the counting function on h}'T*B and Lemma pO we get: 



str(K)/dt|,ffnA, = y^^+^ top^^T*i. (^^^ 

dvoLbrp,^ dr 



-h+l 



2/i top^6r*B [v{R^ ,y = 0,r) stiE/Bi^B^ir))] \ah 



— h-l 



V2mT top j^trp,B[A{TR^) stiE/Bi^B^ir))] 



2m \opj^bT*B{MR^)r'''^^^ strs/B(KB2(r))]. 



Using the definition of the fibred eta invariant in (|117|) and putting everything together 
we get the following index theorem: 

Theorem 5.29 (Index Theorem) For the Dirac operator D fulfilling ([^^ the index 
formula 

holds. ■ 

Note that since R'^ E T{A'^T*X O End('^T*X)), the first integrand on the RHS is a 
true form on the compact manifold X and integrability is automatic. The second and 
third term on the RHS should be compared with the adiabatic limit formula (see | |BiChl| | , 



Dal|| ) for the eta invariant of a geometric Dirac operator on dX Y under collapsing 
of the metric in the fibres. We describe this in the case of the signature operator in the 
next Section. 



Theorem |5.29| contains the usual APS (or b-) index theorem (see ||APS|| or [[Me3|] ) for 



Dirac operators as the special case Z = {pt}. Also, note that D has pure point spectrum 
when D"^'^ is invertible. Then on the LHS we have the true index of D and the eta-term 
on the RHS vanishes. An extreme instance of this is the case B = {pt}, when only the 
local term appears on the RHS. 

5.4 The Signature Operator S 

The signature operator on X for the metric Qd is the operator 

S'^ = 0"^ = dd + d* on E = A'^T*X. 
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It has the property that its square, (S*^)^, is equal to the Laplacian on forms A/^drp*x- 
Even if X is not spin, there is a local isomorphism E = End(5'('^T*X)). The grading 
operator e on ii^ is given by the Chfford action of the volume element on the left spinor 
factor. A short calculation shows that 

For n = dim(X) = Ak we have = 1 and the L^-signature sgn^2 (X, (yf^^) of X is defined 
as the signature of the quadratic form 

a I — > {a,-kda) on H^^{X, go) := lm\\L2{A^2kdT*x)■ 
As before, the operator given by 

S = x^/^S'^x-''/^ = d,x~^/^ + x^l'' d*^x-^'^ =:l + 7 

is selfadjoint on A'^T*X) and its L^-index equals sgn^2(X, gf^). The ^-differential 

operators 

xl,xT : C°°(X,A'^T*X) ^ C°°(X,A'^T*X), 

have well defined restrictions to vertical differential operators over the boundary, which 
define the vertical cohomology of the boundary fibration: 

Lemma 5.30 (a) dz = x'^^x^x^^ : AV*dX) C°^{dX, AV*dX) 

(b) dz = x'^^x2*x^^ : C°^{dX, AV*dX) ^ C^idX, AV*dX) 

(c) H{Z) = H{ dz) = Hiio{ dz) is a vector bundle over Y . 

(d) H{x2) ^ Hno{x2) = null(xSlax) = C°^{Y,x^^ Hud dz) ®A''T*B) etc. 
Proof. Let a G ['^N*dX] = ^T*B. Then da G A^ ^T*X and 

[xd,e{a)]\dx = [x2,L{a)]\ox = in C°°{dX,A'^T*X), 

from which (a) and (b) follow. Parts (c) and (d) follow from the usual Hodge theoretic 
arguments. ■ 

This Lemma shows that our main assumption (|39[) automatically holds for the signature 
operator. Recall the notation 

C'^{X,A'^T*X)° = {^e C^{X,A^T*X) \ ^lax e H^oixl)}. 

The indicial operators d), Ib{ d ), as well as the corresponding indicial families can be 
defined as in Section |3.5| . For instance 

M^ldx) = hCd)m^\dx) := (Ho^Obx, 

with {^\ox) e Hno{x2) extended to ^ G C°°(X, A "'T*X)° is well defined on Hno{x2). 
The operators dy, {d )y have the following properties 
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Lemma 5.31 (a) ( dy)* = {d )y and we just write this as dy 

(b) 2y IS of total degree 1 on Huoixl) = C^iY, x^^ Huoi dz) A''T* B) 

(c) {Huoix d), dy) is an elliptical complex and H{ dy) = ifHo( dy) is finite dimensional. 

(d) C^{dX,A''T*X) D Hno{x2) = C^{Y,x''^Huo{dz) ^ A'T*B) D HuoGy) m 

dy, dy-. 



We have the following version of Proposition |3.15| , describing the operators dy, dy: 
.32 The operators 2y, 2*y act on Hno{x2) = C'^{Y,x^''Hno{dz) ®A^T*B) 



d 



Y 



= n„ 



Lemma 5., ^,„^„^^ „ , 

as operators of total order 1, resp. —1. We have 

(h s,)V^^'^*^ - v6, A(xn5;(-)v) + e,i—)iHz - ^ 

^ X 2 

-V V^^J7 - (v V s,, V L,) {R^{X,, ■)-,■), (0, 1 
- ^{ved,yed,riLd){xB^{-,-),-) d 



1,0) 



-1,21 



ly 



Ho 



-(h V:^'^*^ - V td X{xvS4-)n) + i-di^mz - |) (-1, 0) 

+v Ld V^X"" + ^ ^ ''^) ■)■' 

+ ^(vtd,vtd, n£d)(x50(-,-),-)rf (1,-2) 

where the column on the right indicates the (n, v)- degrees of the different parts. Note once 
again that the contributions of type (—1, 2), (0, 1), (1, —2) and (0, —1) simply vanish when 
is a product (p-metric. 

Proof. Recall that = R^'^'^*^ = — A(i?''^^). We leave it to the more enthusiastic 
readers to use this with Proposition |1.14| and the method of proof of Proposition pj.l5 
to prove the claim. The appearance of the last summands in the (1,0) and (— l,0)-terms 
above is due to the fact that 

[d,LdiXd)]\9x = [d ,edi—)]\9x = ^z~T^ on A''T*X. 

X 2 



As in IIBiLoll , the fact that dv = can be used to show that 



V 



+ X{-yS^{y)xT) 



is a flat connection on H{Z) = x^Hf^oi dz) ® (-^) — ^ Y- In the case of a 0-product 
metric the model of the signature operator then is 

Sy=^y+ry = Sy V^(^) - Cy V^^^)* + (s.(^) + ^.(^))(N^ - ^) 



5.4 The Signature Operator S 



101 



on T-C(Z). The operator Sy thus differs by an endomorphism from the twisted signature 
operator S{Y,H{dz))- However, we will only be interested in calculating the associated 
eta invariants. We know that the eta invariant vanishes in the case of odd dimensional 
fibres. In the case of even dimensional fibres, an easy symmetry argument shows that only 
the restriction of the operator Sy to 7i'"^'^{Z) contributes to its eta invariant. Therefore 

r^(Sy) = r/(S(r,iJ(dz))), 

Also, the signature operator S has the usual property that its extended L^-index equals 
its true L^-index: 

Proposition 5.33 ind_(S) = indi2(S) = sgn^2 (X, gf^) . 

Proof. This is shown just as in the 6-case. Recall that we know from Proposition p.28| 
that any element u G null_(S) is of the form u = uq + 0{x^) with uq G C°°(X, A '^T*X)°. 
Defining J to be the corresponding restriction map J{u) := mqI^x we get the sequence 

— > nulli2(S) — > null_(S) HnoCdr) C H{x2), 
which is exact in the left and in the middle and compatible with the grading e. Thus 

ind_(S) — ind£,2(S) = sdim(null_(S)) — sdim(null/^2(S)) = sdim(im(J)), 
and we proceed to show that the RHS vanishes. The idea is to use the decomposition 

(1 IT 

H(x d) = C~(r, x^^H{ dz) ® AT*Y) © C°°(r, x^^H{ dz)® — A AT*r), (105) 

X 

and to show that im( J) decomposes accordingly, i.e. the projections on the left and right 
summand are maps in im(J). Once this is shown, the fact that the grading e switches 
the two summands in ( ]105| ) implies that the ±1 eigenspaces of e in im(J) have equal 
dimension. 

Start with ^ G null_(S) such that J(^) ^ 0. We may then assume that ^ pairs to with 
nullj;^2(S) under the usual L^-pairing It then follows from Lemma ^.29| that ^ = Srj 
for some rj G null„(S^). According to Lemma p.28| this has the form 

r] = x\ + x'^hg{x)7]i + 0{x'), with r]o,r]i e C^iX, A'^T*Xy . 

Then J(^) = J( drj) + J{ d r]) is a decomposition of the desired type, since 

^ ^ dx ^ dx 

drj = dr]o + s( — )r]i + log(x) dr]i + O(x^) = e( — )r]i + 0(x^) 

X X 

and analogously d rj = — t(-^)?7i + O(x^). ■ 

It then follows immediately that Theorem |5.29| has the following form 
Theorem 5.34 (X^-Signature Theorem) 

sgn,2 (X, g,) = ^ ^ L{R') + L{R^)v{Sz, AV*M) + ir^(S(r, H{ dz)). 
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Proof. The LHS in Theorem f).34\ equals sgn^2 (X, (7^) as shown in Proposition |5.33| . For 
the terms on the RHS use the fact that for E = A'^T*X the relative curvature F^^^ is 
right Chfford muhiphcation c^^ji = £d + td with {—R'^-, ■)d/2, i.e. (see [ [BGV|| , Chapter 4) 



Recalhng (see again PUV^ ) that Ch(F^/^''^) = 2-"/^ str(eF^/^) one shows that 
LiR'^) = 2-"/2^(i?'^) Ch(F^/^''^) 

L(i?^) = L(i?^-'') = 2-('^+i)/2A(i?^''')tr5.(exp(-lnc,,«(i?^'^,-),)) 



Now rewrite ( |116| ) in Appendix |A.5| as 



' = 9v'M/Mi^'^''\^''n + ^ - l(m„m„c,,^,c,,^)(5,(x^i?^(, .))-,■). 



i-ihe,he,Cd,R,Cd,R){Shix^R''^\; ■));■) 



and define r]{Sz,AV*M) as in Appendix [A.5|, but using B| instead of B 



Collapsing Cylinders 

Fix a product structure, 

C{M) = M X [0,6l^Y X [0,6l, 

in a collar neighborhood of the boundary and consider the family of exact 6-metrics given 
by 

dx\ 



9b,e = J + ^*9y + (x^ + e^)gz, 

on C{M) and fixed on the interior of the manifold. Denote the associated curvature by 
^fe,e g ^2 brp*^ ^ EndCrX) and the associated signature operator on A^T*X by S^^^. 
Then the 6-signature theorem (or our Theorem p.34| in the case with no fibre) tells us that 

sgn^.(X, (7,,,) = — / L{R''') + \viSt,s\dx). (106) 

It is known that 

sg^L^{X,gb,e) = sgn{X,dX), 

is independent of e. As e approaches 0, the metric gb,e approaches the d- metric Qd and 
Li^R^'"^) approaches L[R'^). Also, it follows from Dai's adiabatic limit formula for the 
signature operator in [pal|| that 

limir7(V|ax) = ^-y^^ ^ L(i?^)r^(S^, AF*M) + ]^r^{S{Y,H{dz))) + t (107) 
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The invariant r is defined in |Pal|| , section 4. It is a topological invariant associated to 
the Leray spectral sequence of the fibration (p : M —>■ Y. Comparing the RHS in (|107|) 



with the RHS in our signature formula, we find the following relation for the L^-signature, 



generalizing another formula in |Pal|| : 



sgni2(X, Qd) = sgn(X, dX) - r. 

It is very likely that this result can be proved directly by analyzing the L^-cohomology of 
X in more detail and establishing its relationship with the spectral sequence. 

We leave considerations of this kind to the future. 



Remark 5.35 The proof of the index formula, Theorem |5.29| , presented in this text is 
far from "minimal" . We therefore want finish this work with a brief discussion of possible 
shortcuts to the proof. 

Recall that via the McKean-Singer argument, the LHS of the index formula corresponds 
to the large time limit of the regularized heat supertrace, whereas the RHS corresponds 
to the small time limit, plus the difference of the two in the form of the eta invariant. It 
is obvious from Section |5.3| that a full construction of the heat kernel is not necessary for 
the calculation of the RHS. All that is needed is a parametrix, solving the heat equation 
to first order at the faces tf , tff and hbf within the rescaled heat calculus. This means 
that we only need to solve the rescaled model problems at these faces. Especially, for the 
index result itself, no composition formulas for the heat calculus are needed. 

On the LHS, it is easily seen that the parametrix for the resolvent constructed in 
Proposition |3. 19| is compact for A close to 0, when Dy is invertible. Thus D is Fredholm in 
that case, i.e. its spectral measure has a gap at and D has a true index. The calculation of 
this index as the large time limit of the heat supertrace is then straightforward. Note that 
in the case of the signature operator S this assumption means that the flat cohomology 
bundle H{Z) Y has to be acyclic, which seems somewhat too restrictive. However, 
given the index formula for Fredholm operators, we can easily deduce the general index 
formula by using a weight shifting argument, see ||Me3|] or [[Va|| . 
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A Appendix 

A.l Clifford Algebra Conventions 

Let {W, gw) be a euclidean vectorspace of dimension n (usualy W will be the fibre of 
some tangent vector bundle) and {W*,gw* = dw) i^s dual . We denote by Cl(iy*) the 
associated Clifford algebra over W*. This is defined as the quotient of the tensor algebra 
over W* by the relation 

[c(a),c(/3)] = -2gw4a,P), a, ^ e W G Cl{W*). 

Here, c is the inclusion of W* into C1(VF*) which can be regarded as an element c e 
W (8) Cl(l^*). Elements a e W* act on the exterior algebra by 

X{a)u! := £{a)u! — L{gw*{o:))u!. 

and it is straightforward to see that this induces an action A of Cl(l^*) on Al^*. We will 
also use the action c e W* (g) C1(H^*) by writing 

ciA):^cigwiA,-)), for AeW. 

We will include the background metric into the notation, whenever this seems necessary. 
The symbol map is the the isomorphism of vector bundles given by 

a: Cl{W*)^AW\ a(0 = A(Ol. 

The inverse of this map (sometimes called "quantization'' map) is a map 

c : AW* Cl{W*), 

which extends the above inclusion of W* into Cl{W*). On elements u e A^W* this looks 
like 

cM = X^c(e*)c(e*)a;(ei,ej) = - J] c(e*)c(e*)u;(ei, e^) = -(c,c)(a;). 

The notation on the RHS will also be used for general tensors 77 e W* ® W*: 

(c,c)(r/) ■.= Y^c{e*)c{e])7]{ei,ej). 

Beware of the following common source for sign errors: For an endomorphism $ e End(H^) 
we write 

(c,c)($):=(c,c)(^w^($-,-)) (=2c($) if $ is skew), 

i.e. the "intuitive" order of the Clifford operations is reversed! Whenever the endomor- 
phism $ is skew, we have 

[^c($),c(A)] = c($(A)). 
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The Supertrace 

Fix an orientation on W. Then the involution 



rii + ll 



ew ■= 2 ^c{dvolw), = 1' (108) 

defines a (possibly trivial) grading on every representation space of Cl(W^). In the fol- 
lowing, let n = dim(W) be even and denote by S{W) the spinor space for Cl(iy) (a 
possible construction of S{W) is described briefiy in the next Appendix). This is the 
unique irreducible representation of Cl(Vr). The action of Cl(H^) on S{W) defines an 
isomorphism 

Cl{W) ^ End{S{W)). (109) 

This representation is truly graded by the operator ew and the identification (|109|) allows 
the corresponding supertrace of an element Q in End{S{W)) to be calculated as follows 

stTs(w){Q) = ti{ewQ) = {^T'hovKw*{<Q))/ d^olw . (HO) 
We will use this formula for the first factor in the decomposition 

End(E) = 0* C\{^T*B) ® ENDci(bT.B)(^), 



described in Lemma p7\\ . Write e = edrp*x-, = £6^*^ and ez = edy*Qx- Then, depending 
on the parity of the dimensions n = dim('^T*X), h + 1 = dim{^T* B) and v = dim{V*dX), 
with n = h + 1 + V even, we have 

e = eB ez if /i + 1 is even, e = —i es ez if + 1 is odd. 

For an element Qz G END ci(bT*_B) (-E) we define the B -relative supertrace as 

str^/B(Qz):=C(/i)2-('^+i)/^str^(e5Q^), with C{h) = I ^ ^^J^ (111) 

y \ ri odd 

We can then show the following formula for the supertrace on E. 

Lemma A.l ForQe^Qz e 01(0*^*5) ® END ci(bT*B){E) we have 

2 

StlEiQB ® Qz) = {-)^''^^^^^top^bT*B{(^{QB))/ dvoltT^B " ^^^^E/B^Qz)- 
I 

Proof. It suffices to prove this for E = S{'^T*X) and Qz e C\{'^V*dX). If both v and 
h + 1 are even, the Lemma is a direct consequence of ( |110|) : 

StTs(dT*x)iQB'S)Qz) = Str s{bT*B)iQB) StTs(dv*dX)iQ z) 

= {-Y'^'^^'^op^^T'bHQb))/ dvohT*B ■2-('^+i)2) tisi^T*x){e^v*dx Qz). 
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When V and h + 1 are odd, we write Qb — QsCdi-^) to see that 

Stls(dT*x){QB ® Qz) 

2 ^ dx 

= {^)''^hop^T*Y{a{QB))/ dvolT*Y- i^s{{-^)®dv*dX)i^{-^)(Bdv*dX^d{ — )Qz) 

2 

= {-f^ho^f^,T,B{a{QB))/ dvohT*B'^''^'^ tr5(dr*jf)(ez(3z) 

= (^)('*+i)/2top^,:r*B(<^(QB))/ t^^oL^^B 2-('»+i)/2 tr5(rf:r*x)(i'/' ees Qz) 

where we have used eidx',^dy*Qx ~ ^di.-^) ^dy*Qx- 



A. 2 Dirac Operator and Conformal Transformations 

In this Appendix we consider the behavior of Dirac operators under a conformal trans- 
formation of the metric. 

Let M be an evendimensional manifold with metric g and E ^ M a, Clifford bundle 
over M. Since our considerations will be purely local, we may assume right away that M 
is an open ball and E is trivial over M. Then E is of the form 

E^S®E', ^ (g) V^' 

The spinor bundle S can be described as follows: There exists a polarization T*Mc = 
W (B W of the complexified cotangent bundle, i.e. g{W,W) = 0. Then S = AW with 
metric induced by g and Chfford action of an element a eT*M given by 

c{a) = c{ai e = ^(£(q;i) - tg{a2))- 

v2 

Choosing a local orthonormal frame e^, . . . ,6" for T*M, the Levi Civita connection on 
T*M is of the form d + u with cu e r{T*M (g) so{T*M)). The spinor connection is 
then given by d + ^c{uj). 

Now, for a positive function / e C°°{M) consider the conformal metric gf = Pg- The 
corresponding Levi Civita connection on T*M is given for T e T{TM) and a e T{T*M) 

by 

V^a = Vt« - y « + ^~'(«, y )^(^) - '^^^ + (112) 

As before, the spinor bundle is 5*/ = 5* = KW but the Clifford action is now given by 



The map 



f:{T*M,g)3a^f-a&{T*M,gf) 
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is an isometry and thus induces an isometry of the spinor bundles : S —>■ Sf, where N 
is the number operator in AW. We now have 

and from the description of V'^, V"^-^ we deduce 

r^V^7^ = + ^c(s(^) ciT) - e,{T) = V| + G(T), 

where we have defined G{T) to be |(Cg(T)c(-^) + -y-(T)). This just means that the 
following diagrams are commutative 

S®T*M Sj®T*M T{S) ^ r{Sf) 

if-'c icf iV^ + G iV^/ 

S ^ Sf T{S0T*M) ^ T{Sf®T*M), 

and with these isomorphisms the corresponding Dirac operator is of the form 

Df := c, o V^/ 4 r^D + ^c(i^) = r V/-1D/ V. 

Note that for some Clifford bundles like E = AT*M the bundle E' in the local decom- 
position E = S ® E' might also contain copies of S" or S* . The above formulas remain 
true in that case, at the cost of a nonuniform treatment of the different copies of S in E. 

Since it will be of some relevance in applications, see Section |5]^, we describe the case 
of the signature operator S on the bundle E = AT*M in detail. Clifford action is given 
c(a) = {e{a) — Lg{a)) and our identifications above would give Cj(a) = /^^c(a). However, 
the natural isometry, 

f:{AT*M,g)^{AT*M,gj) 

yields an identification 

r£(«)r^ = 6(/a) and ^ /,(«)r^ = .(/-^a) = / 
Using the generalization to differential forms of ( |112| ) one can also show that 

rid+ d*)r'' = f{df+d))-fe{^)H-fLf{^){U-n). (113) 



A. 3 Geometry of Fibre Bundles 

In this Appendix we give a brief overview of the main notions in the geometry of rieman- 
nian fibre bundles. Our exposition follows [ BGV ] closely. 

Let : M ^ y be a fibre bundle with fibre Z, with m := dimM, f := dimZ. 
The vertical bundle is denoted by VM := ker(0^). By choosing a horizontal subbundle 
HM C TM we get a decomposition 



TM = VM © HM, 
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and associated projections v : TM — > VM, h : TM — > HM. This decomposition is defined 
to be orthogonal with respect to a riemannian metric on M, of the form 

{.,.)m^^*{.,.)y + {.,.)m/y, (114) 

where (., .)y and (., ■)m/y ai'c given metrics on the base and on the fibres respectively. 

Recall that the map 0* : HM — > TY is a pointwise isomorphism. This allows us 
to freely identify HM with the hfted bundle (f)*TY. Denoting by the Levi-Civita 
connection on M we then define the induced connections 

y V ^ yM/y _ y Q yM ^ y . p(^^^ y^-^ _^ ^^^^^ rj.* ^ ^ y 

0*V^ o h : r(M, HM) T{M, T*M HM). 

These connections are invariant under multiplication of (., .)y and (., .)m/y with positive 
constants. The connection V^'® := © is thus also invariant under this operation 
and compatible with the metric, but it can have torsion. 

We now define the geometric tensors associated to the fibration: 
Definition A. 2 Let X,Y be vector fields in TM 

(a) The difference tensor cum e r(M, T*M (g) so(rM)) is just 

u;m{X)Y := V^Y - V^'®y. 

(b) The second fundamental form Sm e r(M, TM (g) T*M (g) H*M) of the fibres Z is 
given by 

Sm{X)Y := vV.^hr. 

(c) The curvature £ r{A'^T*M,VM) of the horizontal space is defined as 

nM{X,Y) := v[hX,hF]. 

The connection V^'® commutes with the projections h,v. Therefore 

Sm{X)Y = vLjM{yX)hY, flMiX, Y) = v(a;M(hX)hr - cuM{hY)hX). 

By definition the term vcum^ vanishes. Using the Koszul formula, we find furthermore 
that {u;M{X)hY, hZ) — — |(Q(hy, hZ),\/X). With these formulas it is now easy to show: 

Lemma A. 3 Let X, Y, Z be vector fields in TM. Then the following formula for ujm 
holds: 

{ujm{X)Y,Z)m = (5M(vX)hF,vZ)M - {SM{yX)hZ,vY)M 

~ ({QMihX, hZ), vy)M - {^MihX, hY),yZ)M + {^Mi^Y, hZ), vX)m) ■ ■ 
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Let now S M he a. Clifford bundle over M. The connection on S is denoted by V^, 
the hermitian metric by (., .)s and Clifford multiplication by c. We assume that there is 
another connection V^'® on S which is a Clifford connection with respect to V*^'®, i.e. 

[vj^c(«)]=c(vr«). 

We then require that be of the form 

This is clearly a Clifford connection with respect to V*^, as 

[Vi,c(F)] = [Vj®, c(r)] + [1c(c.m(X)),c(F)] = c{Vf^Y + ujM{X)Y), 

and the last term is equal to cCVxY). 

As an example, these requirements are satisfied for the bundle S = (j)*AT*Y ® S', 
where S' is a vertical Clifford bundle, the Clifford action of a e T*Y is given by c{a) = 
s{a) — and V^'® = 0*V^^*^ ® . For these bundles we can also examine the 

degenerate Clifford action m given by 

m(ha;) = £:(ha), m(vQ;) = c(va), [m(a), m(a;)] = — 2(va;, va)^- 

This degenerate Clifford action can be extended to more general tensors as in Appendix 
A.l| . The associated 'degenerate' connection is then given by 

The identity [|m(co'(X)), m{a)] = m(Q;(vco'(X))) implies that this connection is a m-Clifford 
connection with respect to the connection 

^T'M _ ^M,e + ^^^^^y or V™ := V^'® + vum- 

This connection can be described more explicitly: 
Lemma A.4 Let W G VM, A e HM 

(a) Vf^. = V^® + i(6,vc)((5M(W^)h-,v-)A/) -\s{{Qm{^;\^-),W)m) 

(b) Vi = 0*Vr^ + vc)((1]m(A, ■), ■)m). 
Proof. For (a) note that 

m{uj{W)) = e{hu;{W)h) + {e,\/c){\/uj{W)h) 

= s((fi(h-, h-), W)m) + (s, vc)((^A/(W^)h-, v-)m) 

Analogously in (b), using 

{ujm{A)Y,Z)m = -^{{nM{A,hZ),vY)M - (fiM(Ahr),vZ)M), 
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we get 

vn{uj{A)) = ^{m,m){{uj{A)-,-)M) = ^{e,vc){{nM{A, ■), ■)m), 

and dividing everything by 2 gives the result. ■ 

Analogous to the definition of the Dirac operator D = c o on S we can define the 
superconnection corresponding to by := rn o V^. In the case of a fibre bundle with 
base space Y a point this is again just the Dirac operator. Using Lemmas [A.3| and |A.4 

we get 

Lemma A. 5 Write tr(5M)(A) = tr(-SM(v-)A) G HM. Then 

Am := moV^ = + D^'^ + ^ £(tr(SM)) + ^(e, £, c)(fiM(-, V- 

Finally, using the fact that huj{A)B is symmetric in A and B it is easy to see that V"^*^ 
is torsionfree! Thus, the following generalization of the Lichnerowicz formula holds (cf. 



Proposition A.6 Set F^/^{X,Y) := F^{X,Y) - im(i?^'^(X, F)). Then the following 
analogue of the Lichnerowicz formula holds: 

Al, = A^'" + m(P^) = A^'" + ^ + m(F^/-'(, •)). 

Proof. The proof proceeds as usual. 

2Am = [mV, mV] = mm[V, V] + m[V, m]V — m[m, V]V + [m, m]VV 

The first summand on the RHS gives 2m{F^) since V"^*^ is torsionfree. The second and 
third summand vanish since (V^, V"^^^) is a Clifford connection. The last summand gives 
—2g'^{yV, vV), which is just two times the vertical Laplacian in the above formula. This 
proves the first equation in the Proposition, for the proof of the second equation we refer 
to [[BUV| Chapter 10. ■ 



A. 4 Mehler's Formula and the Simple Heat Space 

In this Appendix we adapt the well known Mehler formula to our setting. For this, let 
(VF, gw) be a euclidean vector space and A a commutative algebra (usually this will 
be the space of even forms on some vector space). Let R G End(Vr) ® A such that 
gw{R) £ J^^W* ® A. Also let q G W* ® A. V^e consider gw{Ry-,-) as a linear map 
W —>■ W* (S) A and g as a constant map of the same type. Then 

Theorem A. 7 The operator 

H = gwi d - ^gw{R) -^q, d- 29wiR) - ^q) (115) 
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on C°°(W,A) has the heat kernel [e *^](0,y) = p(R,y,t) exp{q{y)/2) dt dvolw given by 
the formula 



p(i?,0,t) 



^ det 



, n/2 , 

^47rt det 



tR/2 \ [ 1 



tR , ftR\ 



w 



tR/2 



-tR/2 



I n/2 ^, 

^t A{tR). 



Proof. The Mehler formula for the operator i/o with g = is well known and proved for 
example in [ BGV|| Chapter 4. For a general operator H just note that 



from which the result follows immediately. ■ 

To be able to transfer this result to the model problems at a specific "temporal front 
face" we define the heat space, on which the above solution lives. 




Denote by 



W 

Figure 8: The Simple Heat Space Wh 



Wh = [Wx [0,cx)[t;{0,0}, dt] 



the "simple heat space" associated to W and by Wh its radial compactification at spatial 
and temporal infinity. As before, the blown up face at t — > will be denoted by tf. The 
face at infinity will be called ti. Away from t = the coordinate t^^^ is a defining function 
for tf, and away from spatial infinity the coordinate is a defining function for ti. We 
can identify the interior of both faces tf and ti with W such that for a constant vector 
field V in TW the restriction 



^^^^^|tf corresponds to V & Ttf and t^''^l^|ti corresponds to V & Tti. 
Equivalently the linear coordinate Y on tf or ti corresponds to y/t^^^ on the interior 

iyx]o,oo[. 

For l,p> the associated "calculus" is defined by 
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This will be a recipient space for solutions of the heat equation. However these solu- 
tions cannot necessarily be composed with one another - at least we will not say how. 
Nevertheless we have normal maps 

N' 

^H!s%m ^%JW) ^ SiW, ^(W) dt) 0, 

N' 

^feci(^) ^^tsA^) m, ^{w) dt) 0, 

given by N'h^,,,{A) := t'-^/^AU, and iV^,tf,p(^) ■= ^'^'^ki- 

Also, a rescaled version of the simple heat "calculus" with coefficients in an algebra 
A can be defined. Assuming that the above algebra is of the form A = A.^'"U* for some 
vector space U we can introduce the heat calculus '^g,s,c\{W) with coefficients in KU* and 
rescaled w.r.t the corresponding filtration (which already is a grading) at tf. Using dt^/"^ 
to trivialize the conormal bundle A^*tf we get the rescaled normal operator 

N' 

^Gl%m — ^X^,,{w) s{w, A*u ® niw) dt) 0. 

We then have 

Proposition A. 8 (a) The operator H maps 

with rescaled normal operator NG,ti,i-2{H o A) = HNG,ti,i{A). 
(b) The heat kernel for H is 

KH{y,t) ■.= p{R,y,t)exp{q{y)/2) dt dvolw G 
with normal operators at tf and ti given by 

NGM^H)iY) = p{R,Y,l)exp{q(Y)/2) dt dvolw, 

iVG,ti,o(KH)(Y) = V4^~"^'exp(-||Y||V4) dt dvolw 

Proof. This follows from Mehler's formula once one has shown that NG^tf,i-2{H o A) = 
HNG,ti,i{A). This is done as in Section ^]2| by calculating the normal action of the ex- 
pressions appearing in ( |115|) , d, gw{R) and g, using their mapping properties as 



described at the beginning of this Appendix. ■ 

We will also use the obvious generalization of these results to families, where W is 
really the fibre of some vector bundle, and apply it to the operators H = Tix^'Hs in 
Section 0|. 



A. 5 Heat Kernels of Vertical Families 
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A. 5 Heat Kernels of Vertical Families 

In this Appendix we introduce the heat calculus for vertical families of operators over the 
boundary fibration M ^ Y. Define the heat space for vertical families as the parabolic 
blow up 

M^^fib := [M xy M X [0, cx)^; Am x {0}, dr]. 

The interior of the blown up space tf = tf(M^gjj) can be identified with the vector bundle 

VM — i> M in the usual manner. Also, we introduce the space M^gj^, compactified at 
temporal infinity by introducing 1/r^/^ as a coordinate. The corresponding face will be 
denoted by ti. Define the density bundle 

dr 

KB M/Y,H ■= T~'"''^—[5l dvolM/Y ■ 

For / > the associated family heat calculus is then defined by 



In the case / = we have to add the mean value condition as in Section ^71 

Leaving aside the behavior at temporal infinity for the moment, it can be shown as before 
that the composition formula holds 

Theorem A. 9 Composition gives a map ^I/^^fib,ci(^) ^ ^H,fib,ci(^) *J7^fib,ci(^)- ■ 
It is also straightforward to describe the rescaled version of these constructions. The 



coefficient bundle from Section 5.1 



IS 



A(tfr) = A(t)*'T*B ® ENDci(^..^,B)(E), 

where we have used dx to trivialize iV*tff. Writing i/tfi for the normal vector Ptfi/ dx the 
connection on A(tff) for T G j3*iTM/Y is then given by 

= Vt- K(T, - i V.,,K(T, z/tff) : TiM^^^, A(tfr)) ^ TiM^^^, A(tff )). 

It is calculated more explicitly in Corollary |5.17| (b). As before, the filtration of A(tff) over 
the front face tf is given by the total Clifford filtration. Using this data, we can define 
the rescaled bundle Grtf(A(tff)) as in Section |0| . Restriction to tf is defined using the 
connection V^*-*^^: 

Icr.tf : r(Grtf(A(tff))) ^ C°^(yM,ArA(tf,tff)). 

For lack of (obvious) better alternatives we have used the notation on the RHS to denote 
the bundle J\fAfA{ti, tff ) in (^) with factors (A^*tff )' trivialized by dx, i.e. we have written 

ArA(tf,tfr) = @^N*ti{My^)' (g) A'{''T*X) (g) ENDci(.T-x)(^)- 
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The normal operator 

^G,tf,/>o(^) := ^'"'^'^ltf,Gr G Sfi^iVM, VtiVM/M) dr ® ArA(tf , tff)) 
^G,tf,o(^©c) := TA\ti,Gr®ceS{ib{VM,Q{VM/M) dT®f^A{U,tS)f ®C 
fits into the short exact sequence for Z > 1: 

^ ^G,fib,ci( W^') ^ "^GfihjM/Y) Sf,^{VM, n{VM/M) dr ® ArA(tf , tfT)) ^ 0, 

and similarly for / = 1. The notation A*"^ is used to remind the reader that these normal 
operators are defined using the temporal variable r instead of t. 

Our aim in the rest of this Appendix will be to construct the heat kernel of the operator 

:= 9y'M/Mi^''''\ V^^*'^)) + ^ + m,(5,(x^i^^/"'^(-, ■)) (116) 

as an element in "^^^^^^IM/Y). The following Proposition calculates the normal operator 
of V^(*«^) at tf . 

Proposition A. 10 Let T G jS^TM/Y as before. Then the maps 

^G,ci(M) ^A^^ ^^,^^ JX), ¥^JM) A (M) 
have the following general form when restricted to the face tf 

^ jsr, (d ,._f -\iLRVM +2-1- mUii^) for l>2 

W ^^GM,i-2^ar^) - \ -l^LnvM + 2-1- N)iV^,,,(A) © - /^^,/^, K.^^^i^) for 1 = 2 

Here N denotes the number operator in A(tf). Note also that V^^^g^ = 0. ■ 

As in Section the form of the normal operator of the connection in (a) can be calculated 
more explicitly: 

Proposition A. 11 Write Vti '■= Pti/ dr^^'^ . Then 

P,,V^^'^)K^('^\t'/'T, .)\uevM = li dT'/^fe{5r.{x'R''-y{; ■)[v,, + PIU],PIT)^). 



Proof. The proof proceeds just as in Proposition 5.16 



P,fV^^(«)K^(«)(ri/2T,-)keFM = { dr'/^K^^'^^f^lT, f3lU + 

= ( dr'/')\KiPlT,PlU + z/tf))|tf,Gr = ( dr'/^fShmPlT^PlU + z/tf))|tf 

Here we have used Corollary |5.2CI| and Proposition ^.GK c). ■ 

Multiplication with the function tkm/y does not contribute anything at tf, since the 
function vanishes there. Finally, the partial Clifford action 

md{a) = Sdina) + Crf(va), a G '^T*X, 

becomes exterior multiplication at tf: 
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Proposition A. 12 The map 

has normal operator A^G,tf,z-i(md(a)A) = £d(«)A^G,tf,K^)- ■ 
Using the methods described in the body of the text it is now easy to show the following 
Theorem A. 13 The heat kernel for B"^ is an element 

It has normal operators at tf and ti given by 

(a) iV^,f,2(KB0(z) = 

Sh [p(z,x2i?'^'^,l)exp(i(x2i?'^'^z/tf,z)yAf/M)exp(-x2F^/^''^)] dvolvM/M dr 

(b) A'^^.jq(Kb2) = [Ho] dr, the projection onto the null space o/ D*^'^ 
We emphasize once more that all these normal operators commute with 

Proof. The first part is obtained using the specialization of the methods in Chapters ^ 
and phased on the series of Propositions above. For part (b) we just mention that 

^ (^[^'pyy a vertical operator of order > 1 in A0*^T*5 . 
This is just of the type used in the Berline-Vergne theorem (Theorem 9.19 in |PGV|] ). ■ 

Denote by stTE/B the relative supertrace in Endci(6r*_B)(-^) as defined in ( p.ll| ), and 
by the number operator on A(j)*^T*B. Also, write T for the time axis [0,cxd]^i/2, 
compactified by r~^/^ at infinity. Then 

Corollary A. 14 (a.) t'^^^^ stTE/B{^B^{r)\AM) ^ C^{M x T,A0*''T*5 ® 
n{VM/M) dr). 

(b) l{x-^)t'^b/2 strij/ij(KB2(r)|AM) vanishes m r^/^ ^ g and r-^/^ ^ g. ■ 

This Corollary allows us to define the ( "twisted" ) family eta invariant as the form on the 
base Y given by 

rf{D^'\E) := T / L{x^)r'^-/' str^/^(KB.(r)U„). (117) 
Jo Jm/y 

This is an even (resp. odd) form on Y , whenever v, h + 1 are odd (resp. even). 

Remark A. 15 By Remark 5.22 this is just the classical family eta invariant, whenever 
£0 = 0. Note however that in the literature ( PiChl|| , piCh2|| , jDaTI , ([ml)) authors hide 
of 2, TT, and i in their definitions of the family eta invariant in many different ways. 
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A. 6 Conormal Functions, Fullbacks and Fushforwards 

In this Appendix we explain some of the essential notions introduced in [[MeO|] , see also 



lVle3[| or | ]Lo|| , and adapt them to our needs. 

Let A^ be a manifold with corners. Let A^(A^) = {Hi, . . . , Hf} be the set of boundary 
faces of A^ and choose a boundary defining function pn = Pj for each face Hj. As usual, 
denote by *V(A^) the space of vector fields on A^ tangent to the boundaries. 

The space of functions conormal to the faces of A^ is defined as 

A{N) := L'^H^iN) = {ue L'^iN) \ ^V{N) ■ u C L°^{N)}. 

Elements in ^(A^) are in the interior and bounded, but control at the boundary is only 
very moderate. One might think of such functions as being "(7°° along the boundary". 
Choosing a f-tuple a := ((ai,mi), . . . , (aj,mj)) with a pair {aj,mj) G C x N for each 
face Hj of A^, we can also define the space of conormal functions on A^ with conormal 
bounds a as 

^^(AT) := log(pi)'"^ ■ ■ ■ p7 log(p;)™/ ■ A{N). (118) 

A special class of conormal functions is given by functions which possess "generalized 
Taylor expansions" into powers of the type 

p',log{p,r, {z,m) eCxN (119) 

at the boundary faces Hj of A^. To describe these expansions, we list the admissible powers 
( |119|) in an "index set". To explain this concept, introduce a partial ordering on C x N, 
describing the comparative vanishing order at Hj of expressions of type ( |119| ), by declaring 

(zi,mi) < (-22, m2) [Re(2;i) < Re{z2) or Re{zi) = Re{z2) and mi > 1712] . 

Now, a {C°°-)index set is a countable subset J C C x N such that 

• / is bounded from below in the above ordering, i.e. there is a "worst" power in the 
expansion, 

• / n Bn{0) X {0,... , A^} is finite for any A^ G N, i.e. powers in the expansion 
"improve" steadily, 

• (z, m) G / implies {z + n,m — I) G / for any G N and / < m. This is the 
C°°-condition. 

Often, a complex number z will be interpreted as the index element {z, 0). 

Now given a collection X = {Ihi, ■ ■ ■ , luj) of (C°°-) index sets associated to the faces 
of A^, we can recursively define the space of (classical) conormal functions associated to 
1 as follows: A section / G ^"^(A^) has an expansion at each face H of the form 



Ef F^H 

N F = H ■ ^^^^^ 



{z,m)elH 
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Obviously, for a = ((ai,mi), . . . , {af,mf)) as above, we have 

A'iN) C A'^iN), if {aj, mj) < Ih,. 

We leave it to the reader to define spaces of conormal functions when one or several index 
sets are finite. The largest or "best" index is then to be interpreted as a conormal bound 
in the sense of ( p.l8| ), and the C°*^-condition is assumed to hold up to that best index. 

It will be important to keep track of the behavior of the index sets of conormal functions 
w.r.t. different operations. 

Definition A. 16 Let I, J be two C°°-index sets. Besides the simple set-theoretic union 
I U J we will use the following other operations on I and J: 

(a) I + J := {{z + z', m + m')\ {z, m) G /, {z' , m') e J) 

(b) JDJ := ( (z, j) I j < m + m' + 1, {z,m) G J, {z,m!) G J) 

(c) /:=UeN(^ + ^) 
It should be clear that 

f + geA^''^{N) and f ■ g e A^+^ {N) for feA^{N), geA^{N). 

Especially, the space of conormal functions ^-^(A^) is C°°(A^)-module for any C°°-index 
set I. 

The reader should verify that the coefficients fH,z,m. in the expansion ( |12CI| ) of / G 
A-^i^N) are not unique. However, if we have {z, m) G Ir but {z — n,m) ^ In for any 
n G N+, then the coefficient 

is well defined. We therefore define the "leading part" of an index set / as 

lead(/) := {(2;, m) G / | {z — n, m) ^ / for any n G N+}. 
Note the rule 

I - lead(/) = 1 + 1 ! 

Information associated to the leading coefficients of a conormal function is more persistent, 
in a sense that we describe now. 

In the case of the Dirac operator D*^ over the "manifold with corners" = X an 
important piece of information is given by the decomposition of the space of sections over 
the boundary into zero modes and nonzero modes: By our main assumption (^) the null 
space of the vertical Dirac family D*^'^ over the boundary dX is the space of sections of a 
vector bundle /C — > y and the projections IIo, II^ onto this null space and its orthogonal 
complement give a decomposition 

C^idX, E) = UoC^idX, E) © Ii^C^{dX, E) = r{Y, /C) © r(F, /C)^. 
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For a section ^ G A\X, E) it now clearly makes sense to ask, whether the leading 
coefficients ^(z,n) in its asymptotic expansion of type (|120[ ) restrict to the zero modes over 
the boundary or not. To keep track of this information, we agree to let an index [z, m)° 
denote a coefficient in the zero modes and {z,n)-^ denote a coefficient perpendicular to 
the zero modes: 

Ciz,n)°\dX ^ K., ^{z,n)^\aX -L K.. 

More generally, given an index set J, we we define [o]/ to be the same index set, but 
carrying the additional information that the leading coefficients lie in the zero modes: 

[o]I :=lead(/)°U(/-lead(/)), 

and [_L]/ is defined analogously. 

Of course, these notations also make sense for the manifold = X^. Here the null 
space of the vertical family D*^'^ defines vector bundles over the bases of If, (phi, ff and 
we can use the above notation at each of these faces. We can now describe the mapping 
properties of the Dirac operator D*^ (lifted from the left to X^): 

Lemma A. 17 (a) D'^ : C°°(X, E)° ^ C°°(X, E) 

(b) D'^ : ^H^(X, E) A\X, E) . 

(c) D"^ : END)° ^ pg^C°°(X2, END) 

(d) D'^ : ^(^.■f.W^«.HVf-fff)(x2, END) ^{^rf,%,Vf,/ff-i)(x2, END) ■ 

b-Fibrations, Fullback and Pushforward 

Let A^, A^' be two manifolds with corners. The corresponding sets of boundary faces 
are A^(A^), M.{N'). A C°°-map F : Ni ^ N2 will be called a b-map, if it maps boundary 
faces to boundary faces in the sense that for every face H G A4{N') we require 

with e{G,H) e N, < an e C°°{N). If no F*p'h is identically 0, F will be called an 
interior 6-map. The matrix e = {e{G, H)) will be called the coefficient matrix of F. The 
readers can convince themselves, that composition of two 6-maps is again a fe-map, and 
that the coefficient matrix of the composition is the product of the coefficient matrices of 
the components. 

The following result about the puUback of conormal functions under 6-maps will be 
used several times in the text 

Theorem A. 18 (Fullback) Let F : N N' be an interior b-map, with coefficient 
matrix e. Let X' a (possibly finite) index set for N' . Then 



F* : A{N'f — > A{N) 
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where the index set F^T' is defined as 

H&M{N') HeM{N') 

which we read as N, if G is mapped to the interior of N' by F. ■ 

The corresponding result for the pushforward of functions is not quite as easy to for- 
mulate. Also we will have to restrict the class of admissible maps F further. First, note 
that an interior 6-map F : N N' maps 

: %N %(p)Ar' and : 'N^N 'Nf^p)N' 

for all p & N. If the first of these (6-) differentials is always surjective, F will be called a b- 
submersion. It will be called 6-normal, if the second (6-) differential is always surjective. An 
interior 6-map F, which is both, a 6-submersion and 6-normal, will be called a 6-fibration. 
A more intuitive description of 6-fibrations is stated in ||MeCI|| : 

Proposition A. 19 Let F : N —>■ N' be a b-submersion. Then F is a b- fibration if and 
only if for each face in the preimage G E Ai (N) there is at most one face in the image 
H eMiN'), such that e{G,H)^0. m 



We can now formulate the pushforward theorem in the version given in |Lo 



Theorem A. 20 (Pushforward) Let F : N N' be a b-fibration, and letX be an index 
set for N such that Iq > for all faces G of N which are mapped to the interior of N' . 
Then 

F, : A'{N,n{N)) A''»^{N',n{N')), 



with (FjX)h:=IJ eiG,H)-^lG, 



for allH e M{N'). 
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